Subfactors, Planar Algebras and Rotations 

by 

Michael Burns 

B. Sc. (Hons) (University of Canterbury) 1996 

A dissertation submitted in partial satisfaction of the 
requirements for the degree of 
Doctor of Philosophy 

in 

Mathematics 
in the 

GRADUATE DIVISION 
of the 

UNIVERSITY of CALIFORNIA at BERKELEY 



Committee in charge: 

Professor Vaughan F. R. Jones, Chair 
Professor Marc A. Rieffel 
Professor Martin B. Halpern 



Spring 2003 



Subfactors, Planar Algebras and Rotations 



Copyright 2003 

by 

Michael Burns 



1 



Abstract 



Subfactors, Planar Algebras and Rotations 

by 

Michael Burns 
Doctor of Philosophy in Mathematics 

University of California at BERKELEY 
Professor Vaughan F. R. Jones, Chair 

Growing out of the initial connections between subfactors and knot theory that 
gave rise to the Jones polynomial, Jones' axiomatization of the standard invariant of an 
extremal finite index IIi subfactor as a spherical C*-planar algebra, presented in |16j . is the 
most elegant and powerful description available. 

We make the natural extension of this axiomatization to the case of finite index 
subfactors of arbitrary type. We also provide the first steps toward a limited planar structure 
in the infinite index case. The central role of rotations, which provide the main non-trivial 
part of the planar structure, is a recurring theme throughout this work. 

In the finite index case the axioms of a C*-planar algebra need to be weakened to 
disallow rotation of internal discs, giving rise to the notion of a rigid C*-planar algebra. We 
show that the standard invariant of any finite index subfactor has a rigid C*-planar algebra 
structure. We then show that rotations can be re-introduced with associated correction 
terms entirely controlled by the Radon-Nikodym derivative of the two canonical states on 
the first relative commutant, A^' H M. 

By deforming a rigid C*-planar algebra to obtain a spherical C*-planar algebra 
and lifting the inverse construction to the subfactor level we show that any rigid C*-planar 
algebra arises as the standard invariant of a finite index IIi subfactor equipped with a 
conditional expectation, which in general is not trace preserving. Jones' results thus extend 
completely to the general finite index case. 

We conclude by applying our machinery to the IIi case, shedding new light on the 
rotations studied by Huang [11] and touching briefiy on the work of Popa [29] . 



2 



In the case of infinite index subfactors there are obstructions to having a full 
planar algebra theory. We constructing a periodic rotation operator on the L^-spaces of the 
standard invariant of an approximately extremal, infinite index IIi subfactor. In the finite 
index case we recover the usual rotation. We also show that the assumption of approximate 
extremality is necessary and sufficient for rotations to exist on these L^-spaces. 

The potential complexity of the standard invariant of an infinite index subfactor 
is illustrated by the construction of a IIi subfactor with a type III central summand in the 
second relative commutant, N' n Mi. The restriction to L^-spaces does not see this part of 
the standard invariant and Izumi, Longo and Popa's [13] examples of subfactors that are 
not approximately extremal provide a further challenge to move beyond the L^-spaces in 
the construction of rotation operators. The present construction is simply an initial step 
on the road to a planar structure on the standard invariant of an infinite index subfactor. 
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Chapter 1 

Introduction 

The study of subfactors was initiated by Jones' startling results on the index for 
subfactors in [15]. His work gave rise to a powerful invariant of a subfactor known as the 
standard invariant. This invariant has many equivalent descriptions, including Ocneanu's 
paragroups, bimodule endomorphisms and 2-C*-tensor categories. Popa's axiomatization of 
the standard invariant of a finite index Hi subfactor in terms of standard X-lattices, j28], was 
a major advance in the field. Jones' [16] planar algebra axiomatization for extremal finite 
index Hi subfactors builds on this to produce a diagrammatic formulation in which the 
standard invariants "seem to have now found their most powerful and efficient formalism" 
(quoting Popa [29]). 

The present work is concerned with extensions of the planar algebra machinery to 
wider classes of subfactors than those considered in Jones |T6] and a recurring theme will be 
the properties of rotation operators. After these introductory remarks in chapter one, the 
second chapter is concerned with extending Jones' subfactor-planar algebra correspondence 
from extremal finite index IIi subfactors to the general finite index case and proving some 
results with this machinery. Chapter three concerns infinite index subfactors and defining 
rotations on their standard invariants as a step towards a restricted planar structure on 
them. There are obstructions to a full planar algebra structure in the infinite index case. 

Before embarking on a chapter by chapter summary we present a quick overview 
of the area. The reader is referred to Jones and Sunder [TJ] for basic material on subfactors, 
with a focus on the finite index IIi case. 

E 

Let C M be an inclusion of factors equipped with a normal conditional ex- 
pectation E of finite index. The Jones' basic construction yields a factor Mi, generated 
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by M and the first Jones' projection ei, together with a normal conditional expectation 
Em '■ Ml —7- M. Iterating this procedure we obtain a tower of factors and conditional 

E Em E 

expectations, N <Z M <Z Mi C M2 C • • • . The standard invariant of C M is the 
lattice of relative commutants obtained from this tower: 

C = N' r\N c N' r\M c N' r\Mi c N'r\ M2 c iv' n M3 c • • • 

u u u u 

C = M'nM c M'n Ml c M' n M2 c M'nM^ c • • • 

together with the conditional expectations. The algebras M-CiMj are all finite dimensional 
C*-algebras (multi- matrix algebras). The standard invariant is a powerful invariant of the 
subfactor and it is a complete invariant in the case of amenable IIi subfactors (Popa |27|). 

The case where M (and hence N) is a IIi factor and E is the unique trace- 
preserving conditional expectation from M onto N is the most extensively studied. A 
special case of this is when the subfactor is extremal, which is to say that the trace tr on 
M and the unique trace tr' on N' agree on N' M. In [28] Popa axiomatized the standard 
invariant of an extremal IIi subfactor, proving that the standard invariant of an extremal 
III subfactor forms an extremal standard X-lattice and conversely any extremal standard 
A-lattice arises in this way. The general finite index IIi case, a simple generalization of the 
proof in [28] and known to Popa, first appears in print in |29j . 

In [16] Jones characterizes the standard invariant of an extremal IIi subfactor 
as a spherical C* -planar algebra: loosely speaking, a sequence of finite dimensional vector 
spaces Vi with an action of the operad of (planar isotopy classes) of planar tangles as multi- 
linear maps, consistent with composition of tangles, equipped also with an involution * and 
satisfying certain positivity conditions and an additional spherical isotopy invariance. 

The proof that every spherical C*-planar algebra arises from an extremal IIi sub- 
factor is an application of Popa's standard A-lattice result. The construction of the planar 
algebra of an extremal IIi subfactor is the main result of Jones |16j and a key ingredient 
is the periodicity of the rotation operator which, after the result has been proved, can be 
realized as the tangle below, illustrated in the case of V4 = A^' n M3. 



The planar algebra machinery has been a powerful tool in proving results on the 
combinatorial structure of the standard invariant and obtaining obstructions on the possible 
principal graphs and standard invariants of subfactors. See for example the work of Bisch 
and Jones [21 [3l d [HI [H] . 

Extending the planar algebra formalism to the general IIi case begins with proving 
the periodicity of the rotation operator. In [11] Huang defines two rotation operators on 
the standard invariant of a IIi subfactor and proves that each is periodic. 

The case of infinite index subfactors is first taken up by Herman and Ocneanu 
in |10j . The results that they announced were proved and expanded upon by Enock and 
Nest [8], where the basic results for infinite index subfactors are laid down. This paper also 
characterizes the subfactors arising as cross-products by discrete type Kac algebras and 
compact type Kac algebras. 

The tower and standard invariant can still be constructed in the case of an infinite 
index inclusion, but the process becomes much more technical. Operator-valued weights 
must be used in place of conditional expectations and the relative commutants need no 
longer be finite dimensional. Even in the simplest case of an infinite index inclusion of Hi 
factors, only the odd Jones' projections exist, implementing conditional expectations, and 
the other half of the maps in the tower are operator-valued weights. The standard invariant 
does not form a planar algebra in this case. 

In the following chapter we discuss the finite index case. Background material on 
general finite index subfactors is presented and a small number of technical results developed 
before we turn our attention to extending Jones' planar algebra results. 

Rigid planar algebras are defined in almost the same way as the planar algebras 
of Jones except that we do not allow rotations of internal discs. After proving basic results 
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about rigid C*-planar algebras, including the central role of Radon-Nikodym derivatives, we 
construct a rigid C*-planar algebra structure on the standard invariant of any finite index 
subf actor. 

Every rigid C*-planar algebra is shown to have a modular extension in which 
discs can be rotated provided we insert correction terms involving the Radon-Nikodym 
derivatives. We then go on to deform the modular extension so as to remove the correction 
terms, in essence by incorporating them already in the action of the tangles. We thus obtain 
a spherical C*-planar algebra and thus an extremal IIi subfactor. 

Finally we lift the inverse construction to the level of subfactors and are able 
to prove that every rigid C*-planar algebra arises as the standard invariant of a finite 
index subfactor, in fact a subfactor of type IIi, though the expectation may not be trace- 
preserving. 

We then apply the planar algebra machinery that we have developed to the ro- 
tations studied by Huang [TJ and illuminate some of Popa's constructions in [29] in our 
context. 

Chapter [3] is concerned with infinite index IIi subfactors. After some initial ma- 
terial describing the basic construction in this setting we take advantage of the additional 
structure provided by the requirement that the first two factors in the tower be of type IIi. 
We thus have half of the Jones projections still at our disposal and are able to construct an 
orthonormal basis for M over N . These tools allow us to extend the notion of extremality 
to the infinite index case and show that it has the usual properties. 

Motivated by some of our work in the finite index case we can formally define rota- 
tion operators on the L^-spaces of the standard invariant. The existence of these operators 
is then shown to be equivalent to approximate extremality of the initial subfactor. 

We conclude with an result indicating the potential complications that arise once 
we move to finite index subfactors. We construct of a IIi subfactor with a type III central 
summand in the second relative commutant, A^' H Mi. 
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Chapter 2 

Finite Index Subfactors of 
Arbitrary Type 

In this chapter we extend Jones' subfactor-planar algebra correspondence in |16j 
from extremal finite index IIi subfactors to the general finite index case. 

We begin in sections 12.1.11 and 12.1.21 with a review of the machinery of operator- 
valued weights and relative tensor products as a prelude to the discussion of index and the 
basic construction in section [2.1.31 

A number of tedious, but necessary, computational results are proved in Sec- 
tion [2?T31 We connect the bimodule and relative tensor product structure on the algebras 
Mj. with that on the Hilbert modules L^(Mfc), before concluding with further results on the 
multi-step basic construction. 

Section 12.1.51 is concerned with modular theory. We prove that relative commu- 
tants lie in the domains of the operators of modular theory and that these operators leave 
the relative commutants invariant. We also show that the actions of these operators are 
compatible with inclusions in the tower of higher relative commutants. 

The rotation operator enters the picture in Section 12.1.61 and we prove that it is 
quasi-periodic: {pk)^^^ = A^^. 

In Section r2.2l we define a more general notion of a planar algebra. In a rigid planar 
algebra we restrict attention to isotopies of tangles under which internal boxes only undergo 
translations. Every rigid C*-planar algebra has a modular extension in which general planar 
isotopies are allowed, but rotations of boxes change the action of the tangle. 
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There are two canonical states ip and (p' on a rigid C*-planar algebra given by 



capping off boxes to the left or to the right. The Radon-Nikodym derivative w or y?' with 
respect to controls the effect of rotations in the following way. Any string along which 
the total angle changes after isotopy must be modified by inserting a 1-box defined in terms 
of w and the total angle change. 



In Section r2.2.2l we show that the standard invariant of a finite index subfactor has 



a rigid planar algebra structure. Section 12.2.31 describes the construction of the modular 
extension to a rigid C*-planar algebra and Section 12.2.41 contains the construction of an 
associated spherical C*-planar algebra from a rigid C*-planar algebra. This recovers a 
result of Izumi that for any finite index subfactor there is a IIi subfactor with the same 
algebraic standard invariant. 

We conclude in Section 12.2.51 by showing that any rigid C*-planar algebra arises 
as the standard invariant of a finite index subfactor. 

Moving on to the specific case of a (not necessarily extremal) finite index IIi 
subfactor, in Section [2.3. II we establish the connection between Huang's two rotations 
We show that the two rotations are the same if and only if the subfactor is extremal. The 
method of proof allows a very simple alternative proof of periodicity in the IIi case which will 
generalize to infinite index IIi subfactors in Chapter [3l We go on to prove some other results 
for general finite index IIi subfactors using the planar algebra machinery. Section 12.3.21 sees 
a two-parameter family of rotations defined on the standard invariant of a finite index IIi 
subfactor, while Section [2.3.31 makes contact with the work of Popa in j29j . 
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2.1 General Finite Index Subfactors 

While most of our work on finite index subfactors can proceed without direct reference to 
the machinery of operator-valued weights and relative tensor products, there are occasions 
when this material is necessary. We present a summary of technical results in Sections 12.1.11 
and 12.1.21 The reader who wishes to avoid this material can skip these two sections and 
take as a starting point the results of Kosaki quoted in Section 12.1.31 

In Chapter [3] we will make heavy use of operator- valued weights. 

2.1.1 Operator- valued weights 

Here we summarize some key definitions and results from Haagerup's foundational paper [9]. 

Definition 2.1.1. Let M be a von Neumann algebra. The extended positive part M+ of 
M is the set of "weights on the predual of M" , namely M_|_ is the set of maps m : — 
[0, oo] such that m is lower semi-continuous and m{\ip + flip) = \m{ip) + fim^ip) for all 
A,/x G [O,oo],ip,ip G M+. 

Note that M_|_ embeds in M_|_ by x i— )■ ttIx where mx{^p) = ^{x). 

Addition and positive scalar multiplication are defined on M+ in the obvious way. 
For a G Af, m G M+ define a*ma by {a*ma){ip) = m{ip{a* ■ a)). For S C M_|_ define 
Ylm£S pointwise. 

Proposition 2.1.2 (Haagerup [9] 1.2, 1.4, 1.5, 1.6, 1.9). There are several alternative 
characterizations of Mj^., including: 

(i) Any pointwise limit of an increasing sequence of bounded operators in M_|_ is in M_|_ 
and every element of M+ arises this way. 

(a) m G B{T-L)^ is in M_|_ iff it is affiliated with M (u*mu = m for all unitary elements 
u G M'). 

(Hi) Let M be represented on a Hilbert space H . Let p £ M and let A be a positive self- 
adjoint operator (possibly unbounded) on pT-L affiliated with M . Define m G B{'H)^ 
by 

oo otherwise 
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where = {■(,,£,). Then m £ M+. Every element of arises this way. 
(iv) Every m G has a unique spectral resolution 

/•oo 

m{(p) = / \d(f{ex) + oo(p{p)(f G A/+ 
Jo 

where {eA}Ae[o,oo) *s increasing family of projections in M , strongly continuous 
from the right and with p = 1 — lim e\ . In addition cq = iff m{ip) > for all nonzero 
(f £ and p = iff {(p : m(ip) < oo} is dense in . 

Proposition 2.1.3 (Haagerup [9] 1.10). Any normal weight ip on M has a unique ex- 
tension (also denoted p) to M+ such that: (i) ip{\m + /xn) = Xip{m) + fJ.(p{n) for all 
A, /.i G [0, oo],m, n G M+ and (ii) if rm m then p{mi) (p[m). 

Definition 2.1 A. Let C M be von Neumann algebras. An operator-valued weight from 
M to iV is T : M+ N+ satisfying 

1. T{Xx + fiy) = XT{x) + fJ'T{y) for all A, /.t G [0, oo], x, y G M+. 

2. T{a*xa) = a*T{x)a for all a G iV, x G M+. 
T is normal if 

3. Xi /• X implies T(xi) T(x). 
Remarks 2.1.5. 

• A normal operator-valued weight T : M+ — )■ has a unique extension T : M_|_ — t- 

also satisfying 1, 2 and 3 above. 

• T is a conditional expectation iff r(l) = 1. 

Definition 2.1.6. As for ordinary weights define 

UT = {x G M : ||r(2;*2;)|| < oo} 
iTiT = n^riT = span{x*y|x, y G ny} 

[In the case when T is a trace Tr these are the Hilbert-Schmidt and Trace Class operators 
respectively.] 

Note that riT is a left ideal, xvt and mr are N — N bimodules and T has a unique 
extension to a map rriT — t- A^. For x G my, a,b £ N, T{axb) = aT{x)b. 
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Definition 2.1.7. T is faithful if T{x*x) = implies x = 0. T is semifimte if txt is u-weakly 
dense in M. n.f.s. will be used to denote "normal faithful semifinite". 

Proposition 2.1.8 (Haagerup [9] 2.3). Let T he an operator-valued weight from M to N 
and let ip be a weight on N . If T and ip are normal (resp. n.f.s.) then ipoT is normal 
(resp. n.f.s). 

Theorem 2.1.9 (Haagerup [9] 2.7). Let N C M he semifinite von Neumann algebras with 
traces Tr^r and Tr^/. Then there exists a unique n.f.s. operator-valued weight T : M_|_ — )• A^_|_ 
such that TrAf = Tr^v ° T (T^r^v on the right side of the equality denotes the extension of 
TrTv to N+). 

Remark 2.1.10. In the proof of Theorem 12. 1.91 Haagerup shows that, for x £ M^, T{x) is 
the unique element of Nj^ such that 

TrM(y'/'xyi/2) = Tr^(yi/2r(x)yi/2) for all y G M+. 

2.1.2 Hilbert A-modules and the relative tensor product 

The material in this section on general Hilbert ^-modules is taken from Sauvageot [30] 
which also draws on Connes [6] . We make considerable use of the Tomita-Takesaki Theory 
(see Takesaki [31] ) 

Definition 2.1.11. Let A be a von Neumann algebra. A left-Hilbert-A-module is a 
nondegenerate normal representation of yl on a Hilbert space /C, while a right-Hilbert-A- 
module T-La is a left-Hilbert-^°P-module. 

Let (p be an n.f.s. weight on A. Given a left-Hilbert-A-module a^^ the set 
D{aK', ^) (also denoted D{IC, ip) or D{aIC)) of right-bounded vectors consists of those vec- 
tors ^ G /C such that a i— )• extends to a bounded operator -R(^) = R^{0 '■ L^(^, (/?)—;• /C. 
For a right-Hilbert-^-module Ha, the set D{'Ha,^) = D{T-La) of left-bounded vectors con- 
sists of those vectors ^ G ^ such that Ja i— >• ^a* extends to a bounded linear operator 
L{i)=L^{i):l?{A,^)^n. 

Remark 2.1.12. The left-bounded vectors in Ha can equivalently be defined as D{%, v'"^), 
the set of right-bounded vectors for % considered as an A°P-module by defining vr(a).^ = ^a. 
In other words by requiring the boundedness of the maps {^) : h'^ {A°^ , ip°^) — )• Ti 
defined by a i— t- '/r(a)^ = ^a. 
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Relative Tensor Product 

Given a left-]iilbert-j4-module ^/C and right-bounded vectors ?/i,?/2 G D{AlC,ip) note that 
R{7]i)* R{7]2) £ A' n B{L'^{A, ip)) = JAJ and so defines an element of A 

Similarly, given a right-Hilbert-A-module Ha and left-bounded vectors ^1,1^2 G DiT-LA,^) 
note that =^i(ei)*^(6) G (^^^)' = ^• 

Although both of these pairings satisfy (Ci, C2)* = {C2, Ci) and {(, () > 0, in general 
they are not A-valued inner products in the regular sense as they are not y4-linear in either 
component. However, we have the following result. 

Lemma 2.1.13. Recall the definition of the modular automorphism group, af = • A~* 
(i e M). D{aK^,^) is stable under elements of D{af^^) and 

D(T-La,^) is stable under elements of D[a^^i^ and 

(6,6a>A = (6,6)a^j72(«)- 
Lemma 2.1.14 (Sauvageot [30] 1.5). 

(i) '^{a {m,r]2)) = {Vi,V2), f {{^1,^2) a) = (^2,6)- 

(a) A {m,m) , (6,6)^ ^ % 

(a {m,m)f = JRimTm, ((ei,6>Ar = 

(Hi) ((6,6)a^1'^2) = (6,6a (^1' ^2)) ■ 

Definition 2.1.15 (Relative tensor product). Given Hilbert A-modules T-La and a^ define 
the relative tensor product % /C (sometimes denoted % ®a when the choice of ip is 
clear) to be the Hilbert space completion of the algebraic tensor product D^Ha) D{a^) 
equipped with the inner product 



(6 0m,6 0??2) = ((6,6)a^1'^2) 

= {i2,iiA {m,m)) 



(2.1) 
(2.2) 
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[First quotient by the space of length-zero vectors, then complete]. The image of 77 in 
% ®A K, is denoted ^ ®a r] or ^ (dip rj. If 7^ is a B-A bimodule and K. an A-C bimodule then 
% ®A is naturally a B-C bimodule. 

Remark 2.1.16. T-L(S>a^ is also the completion of D[T-La)Qa^ using (j2.ip or the completion 
of 7^0/1 D(yl/C) using (j2.2p . The relative tensor product is not A-middle-linear, but we have 
the following result. 

Lemma 2.1.17. For G H,?? G D{lC,ip),a G D{ct'^^i^) we have 

Notation 2.1.18. 

(1) For 771,772 G D{a1C,^) define 

{rii,m) = R{m)R{m)* e ^' n B{K). 

(2) For ^ G D{TiA) let Lt : /C ^ 0A /C denote the map Lc : i] ^ ^ ® rj. 

A 

For 77 G D{aK-) let Rrf : H ^ Ti 0yi /C denote the map -R„ : ^ — )■ ^ 77. 

A 

By (12T|) and ([22]) and i?^ are bounded and L|L5 = (^,0^' -^J^-^') = A 

Remark 2.1.19. In the case of a semifinite von Neumann algebra A with trace Tr we 
have Ja = a* so D{'Ha) = G : a i— )■ is bounded} and L{(^)a = ^a. The modular 
automorphisms are trivial and hence ( • , • )^ is right-^-linear and ^ ( • , • ) is left-A-linear. 

2.1.3 Background material from Kosaki 

E 

Let N C M, sometimes denoted (A^ C M,E), be an inclusion of (cr-finite) factors with a 
normal conditional expectation E : M ^ N . We recall some material from Kosaki [211 [22] 
on index and the basic construction in this general setting. 

Index 

Let P{M, N) denote the set of all normal faithful semi-finite (n.f.s.) operator-valued weights 
from M to N. Let M be represented on Ti. By Haagerup [9] there is a bijection between 
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P{M, N) and P{N', M'). In [2T] Kosaki constructs this bijection in a canonical way, so that 
there is a unique n.f.s. operator valued weight : {N')^ — t- {M')_^ such that 

d{ip o E) dip 
dap ~ d(V'o^-i) 

for all n.f.s. weights ip on N and all n.f.s weights "0 on M', where the derivatives are Connes' 
spatial derivatives ([6]). We have the following alternative characterization of 

Lemma 2.1.20 (Kosaki [22] 3.4). Whenever both sides are defined, 

The index of E is defined to be Ind(^) = E^^{1) G Z(M)+ = [0,oo] and is 
independent of the Hilbert space H on which M is represented. We will use r to denote 
Ind(£')~^ (note that Kosaki uses A rather than r). 

Basic Construction 

We will assume henceforth that the index is finite, in which case E' = tE~^ : N' — )• M' is 
a normal conditional expectation. 

The basic construction is performed as follows. Take any faithful normal state 
ip on N and extend it to M by 93 o E. Let T-l = L^(M, 99) and denote the inclusion map 
of M into L2(M,v?) by either X I— 7- X or 2; I— 7- A(x). The inner product on L'^{M,ip) is 
(x, y) = ip{y*x) for x,y £ M. Define the Jones' projection ei by 

eix = E{x). 

ei extends to a projection in N' and one defines Mi to be the von Neumann algebra 
< M, ei > generated by M and ei. The usual properties are satisfied 

Proposition 2.1.21 (Kosaki [21] Lemma 3.2). 

(i) eixei = E{x)ei for all x £ M. 

(ii) N = Mn{ei}'. 

(in) JeiJ = ei where J = Jq = J^. 
(iv) Ml = JN'J. 
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(v) Mi = span(MeiM) = span{aei6 : a,6 G M}. 



There is a canonical conditional expectation Em = Em '■ Mi — >• M given by 



Em{x) = JqE'{JqxJq)Jq 



and one has Ind(i?jvf) = lud{E) = r ^ and £'A/(ei) = r. In addition, we have 

Lemma 2.1.22 (Pull-down Lemma). Mici = Mei. For z G Mi we have zei = xei where 
X = T~^EM{xei) 

Iterating the construction as usual we obtain a sequence of Jones' projections 
{si}i>i and a tower of factors 



The state ip is extended to the entire tower via ipo E o Em o Em-i ° ■ ■ ■ Em,, and will simply 
be denoted (p. We will use or to denote the inclusion of in Y?{Mk,'p) and vTfc 
to denote the representation of on L^(M^.,(^) by left multiplication. Reference to 
will be suppressed when it is clear that we are considering an element of Mk in L^(Mfc, ip). 
Reference to vr^ will often be suppressed when the representation is clear. 
We have the following additional properties: 

Proposition 2.1.23. 

(i) EMi{ei+i) = t; 

(a) ejCiiiei = rcj and [ci, ej] = for \i - j\ > 2; 

(in) Cj is in the centralizer of (p on Mj for all j > i (i.e. (p{eia) = ip{aei) for all a G Mj); 

(iv) hence ip is a trace on {l,ei,e2, ... ,ej}" which forces the usual restrictions on the value 
of the index originally found in Jones ]15^ . 

Notation 2.1.24. Following Jones [l6] let <5 = t'^/^ = (Ind(^))i/2, Ek = 6ek, 
Vk = E^E^-i . . . El. Note that: 



N C M C Ml C M2 C . . . 




5Ek 



EkEk±iEk 



Ek, 



Vkvl 
vlvk 

VkXV*k 



SEk, 



6E1 



5EN{x)Ek 



for X G M. 
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The Multi-step Basic Construction 

Use E^j'' to denote the conditional expectation EmjEmj+i • • • ^Mk-i '■ — ^ Mj. When k 

A-'f 

is clear from context we will sometimes abuse notation and use Emj to denote Ej^j''. We 
have the following result, originally proved in the IIi case by Pimsner and Popa |25j and 
found as 4.3.6 of Jones and Sunder |14j . The proof only involves properties of the Jones 
projections found in Propositions 12. 1.21 1 and r2. 1.231 and thus holds in the general finite index 
case. 

Theorem 2.1.25. For all —1 <i<j<k = 2j — iletm = j — i and let f^^j^ be the 
Jones projection for (Mj C Mj,Ej^^). Let Fjjj] = Ind (Ej^.^^ ] /[jj] = S'^f^ij] and let 
< Mj,/[jj] > be the factor resulting from the basic construction. Then there is a unique 
isomorphism ttj :< Mj,f^ijj >— )• which is the identity on Mj and such that 

^j(f[iJ]) = S"'^"'~^Hej+iej ■ ■ ■ ei+2)(ej+2 • • • e^+s) • • • (e^ • • • ej+i) 

def 

or, equivalently, 

= (-^i+i-^i ■ ■ ■ Ei+2){Ej+2 ■ ■ ■ Ei+s) ■■■ {Ek--- Ej+i) 
def 

Note that we could express this theorem as saying that for j < k < 2j -\- 1 there 
is a unique representation ttj of on (Mj , (p) such that Mj acts as left multiplication 
and e[jj] acts as expectation onto Mi (i = 2j — k). In fact we can be more explicit in our 
description of vrj^. 

Proposition 2.1.26 (Bisch [1] 2.2). For z G Mk, y G Mj we have 

7r^{z)y = T^-''E^,^izye[,,^) = 6'-^ E^',^ (zyE^,^^^). 
Proof. For k = 2j + 1 the same proof as in Prop 2.2 of Bisch [1] yields 

n^^^\z)y = r-^-'E^^-\zye[_,,^ = P^'E^^-\zyE[_,,^. 
Applying this to the tower obtained from M2j^k C M2j~k+i we get 

7r^iz)y = r^-'E^izye^,,^ = 6'-^ E^ (zyE^,,^^ 
for z e Mk, y e Mj. □ 
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For more on the multi-step basic construction see Section [27T31 Proposition 12.1. 35\ 
and Proposition 12.1. 371 

Local index; Finite dimensional relative commutants 

As in the IIi case there is a local index formula which implies the finite dimensionality of 
the relative commutants arising from a finite index sub factor. Given p £ N' f] M define 
Ep : pMp —7- Np by 

Ep{x) = E{p)~'^E{x)p. 

Then one has 

• If af{p) = p for ah t G M then 

Ind(£;p) = E{p)E-^{p) = lnd{E)E{p)E'{p) 

• In general 

lnd{Ep) < E{p)E-^{p) = lnd{E)E{p)E'{p) 

This proves the finite dimensionality of N' D M exactly as in Jones and Sunder |14| 2.3.12 
(originally in Jones |15j). 

Basis; relative tensor product 

As in the type lli case there exists a (right-module) basis for M over A^. That is, there 
exists a finite set B = C M such that X^feg^fceib* = 1. In fact there exists an 

orthonormal basis, one in which E]y{b*b) = S^^iQb where qi, are projections in N. 

It is worth noting that in the type 111 case this basis can be chosen to have one 
element u with ueiu* = 1 and En[u*u) = 1. 

Also following the lli case we have Mj+i = Mi ®Mi--i_ Mi via xEi+iy i— x®Afi_i y, 
where x,y £ Mi. Hence there exists an isomorphism 9 = 9^ '■ (SD^^M — )• M^, given by 

( Xi X2 (8) • • • (8) Xk+l ] = XlVlX-2,V2 ■ ■ ■ VkXk+l (2.3) 
\ N N N ) 

= xivlx2vl_i- ■ -vlxk+i- (2.4) 
Note that as in Jones and Sunder [T3] 4.3.4 we have: 
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Lemma 2.1.27. 

E E " 

(i) If B is a basis for N C M and B is a basis for M C P, then BB = {bb : b e B ,b e B} 

EoE 

is a basis for N C P. 
(a) Bv* = {bv* : b € B} is a basis for Mi over Mj_i 
(Hi) Bk = {9{bi-^ (8) • • • bik+i) ■ ^ 1} is a basis for over N . 
Proof. 

(i) Simply note that for all x G P 

x = Y^ bE(b*x) = Y,Y1 bbE{b*E(b*x)) = ^ bbE{E{b*b*x)). 

b b b b,b 

(ii) Zbv*e,+iVib* = Y,5-Hv*^^Vi+^b* = Zbeib* = 1. 

(iii) Using (ii) and iterating (i) we obtain the basis BvlBvl_^ • • • BviB = B^. 

□ 



Finally, the basis can be used to implement the conditional expectation from N' 
onto M' . This result is proved in the IIi case in Bisch [T] 2.7. 

Proposition 2.1.28. Let B be a basis for M over N . Then E' : N' ^ M' is given by 

E'{x) = T^bxb*. 

beB 

Proof. Let = Y^bxb*. It is equivalent to show that E~^{x) = ^{x). Note that if 

C G D{n, if) then for x £ M, 

||xC||= J]6i?(6*x)e 

b 

<sup||6||5]||i?(6*x)||2||i?^(e)|| 



<sup||6|| (^Y.^^^(^*b)E{b*x))^ K'/'\\R^m 

= sup\\b\\ipiE{x*x)f^K'/'\\R^m 
where K is the cardinality of B. Hence Rf°^{^) is bounded and so G D(T~(-, ip o E). 
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By Connes [6] Prop 3, spanj^*^ ^) : ^ G D[T-L, c^)} is weakly dense in N' . As both 
and $ are weakly continuous, it suffices to show that $ {O'P = -E'^^ (^"^ (CiC))- 

For a G M define L(a) : 1?{N) L'^{M) by L(a)x = ai. Then L{a)L{a)* = 
aeia* : L'^{M) L'^{M). Also note that for x G iV, bm{i)x = bxi = RP°^ {i)L{h)x, so 
bRP{i) = R^°'^{^)L{b). Hence 

b 

= Y,R^°'^{i)L{b)L(bYRP°'^{iY 
b 

by Lemma [2X201 Hence $ = E'^. □ 
2.1.4 Computational tools 

Here we discuss the relationship between the bimodule structure and relative tensor prod- 
ucts of the algebras and those of the Hilbert modules L^(Mfc). We then look at the 
conditional expectation in terms of the isomorphism theta taking Mk^i to the A;-fold alge- 
braic relative tensor product of M over N . Finally we take another look at the multi-step 
basic construction. 

Proposition 2.1.29. There is an isomorphism of bimodules L^(M/c) = (g)^^L^(M) given 

by Uk : 6* (Xi (g>Ar • • • (g>Ar Xk+l) '-l' Xl (^N ■ ■ ■ '^N Xk+l- 

Remark 2.1.30. This is not immediately obvious. The bimodule structure on L^(iVffc) 
does not restrict to that on the algebra M^. The right action of N on L^(Myfc) is Jkn*Jk, 
not right multiplication Skn*Sk which may be unbounded. However, by Lemma l2.1.17t 

X (8) ny = X • crj/2(n) ^y = J(A~^^'^nA^^'^)* Jx 0y = Sn*Sx ®y = xh®y. 

N ' N N N N 

Lemma 2.1.31. l? {Mi) = 1? {M) ® n {M) via 9 {x ®n vT = {xEiy)^ ^ x ®y. 

N 

Remark 2.1.32. Note that, although y is not necessarily in L)(^L^(A/)), x is in D(L^(M)jv) 
because L{x) : J_in ^ x ■ n* = J^nJ^x is bounded. To see this note that Jo|L2(Ar) = J-i 
and 

JquJox = JqtiJqxJqQ. = JqJqxJquQ, = xJqti = xJ-in. 
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Proof of Lemma. 

Both sides have dense span, so it suffices to check that the map preserves the inner 

product: 



x' (^y',x (^yj = (^(x,x''j ^y',yj = (^EN{x*x')y' ,y^ 

= ^ {y*EM{x*x')y') = {y*EM{x*x')eiy') 
= 5^ip {y* eix* x' eiy') = I {x Eiy') , (xEiy) 



□ 

Proof of Prop \2.1.2iA 

The proposition is true for A; = 0, 1. Suppose the result is true for some k > \. 
Applying this to (M C Mi, Em) we have l.'^{Mk+i) = ®^j^^li^{Mi) via 

{AiE2A2E^E2 ■ ■ ■ AkEk+iEk ■ ■ ■ E2Ak+if ^ ^ • • • ® A^^i. 

M M 

Note that L'^ (M) ® m (M) ^ L^{M) via m : x ^mV ^ xy, so ®^+^L2(Mi) ^ ^'}/'^L^{M) 
via V = (id ®n 0n id) o (^®^/^ui^ . 

Let Ai = X1E1X2, Ai = EiXi-^i, 2 < i < k + 1. Then 

{A1E2A2E3E2 ■ ■ ■ AkEk+iEk ■ ■ ■ E2Ak+if = e(xi®---® Xk+2 

\ N N 

and 

y ( (g) • • • (g) Ak+i ] =V { X1E1X2 (8) IE1X3 (g) • • • (g) lEiXk+2 ] = 5?^ fg) • • • <g) Xk+2- 

V M M J \ M MM J N N 

□ 

Proposition 2.1.33. Let {N C M,E) be a finite index subfactor. Let ai ^ M (i > 0).Then 

6~^6 I ai (g) • • • (g) Orflr+i (g" • • • (g" dfe+i ) k = 2r — I 

\ N N N N 



EMk-i 6* ai <8) • • • (g) Ofc+i 



I ai igi • • • igi arE(ar-^i) (g • • • (g a^+i k = 2r 
N N N N 



Proof. Note that if Xi = yiEiZi, then 



e Xi • • • Xfc = X1E2X2E3E2 ■ ■ ■ Xk^iEk ■ ■ ■ E3E2Xk 

MM/ 

= yiEiZiy2E2EiZ2y3E3E2Ei ■ ■ ■ Zk-iykEk ■ ■ ■ E2EiZk 
yi g) ziy2 (g) • • • (g Zk-iyk (g Zk 

N N N N 
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In particular 



e A 



A, 



ife_i Ak 

M M 



M 



eiai 



N 



N 



where Ai = aiEi and A^ = UkEiak+i- 

For A; = 0, EM_-^{ai) = E{ai). Assume the result holds for some k > 0. Note that Ar-Ar+i = 
arEittr+iEi = 6arE{ar+i)Ei and ArEM{{Ar+i)) = arEiEM{ar+iEi) = d^'^ar-Eiar+i- 
Hence, with the first of the two cases denoting k = 2r — 1 and the second k = 2r, 



Em^, \ 0\ ai®---® ak+2 
N N 



Em,. \ e[ Ai®---® Ak® Ak+i 

M M M 



5~'^e [ Ai®-- - ® ArAr+l ® - --® Ak® Ak+l 
\ M M M M M 

e[Ai®---® ArEM{Ar+l) ®---®Ak® 'Ak+l I 
\ M M M M M J 

9 { ai® - - - ® ttr-i ® arE(ar+i) ® 0^+2 ® ■ ■ ■ ® ak+2 

\ N N N N N N 



5 ^9 { ai ® - - - ® ar ® 0^+10^+2 ® ar+3 

\ N N N N 



N 



ak+2 



□ 



Remarks 2.1.34. We could have proved many other properties of 9 with almost identical 
arguments to those in Prop [3?2.12l but the result above is all that we require here. 

We conclude with some further results on the multi-step basic construction of 
Theorem 12. 1.25[ We first clarify a certain compatibility of the representations ttj. 

Proposition 2.1.35. Let j <k< 2j and let z G M^. Then 7r^{z) = 7r*^+^(2). 

Proof. Using the explicit formula for tTj~^^{z) from Proposition 12.1.26] this is basically just 
a long exercise in simplifying words in the -Ei's. Here are the details. 

Without loss of generality we may assume that k = 2j (just use M2j-k-i C M2j-k 
in place of C M). For r > s let Vr^s = E^E^-^i ■ ■ ■ Es and for r < s let = 1- Note 
that 

^[a,b] = ^fe+l,a+2Vf,+2,a+3 ' ' ' V2b-a,b+l- 

We will make two very simple observations and then prove the lemma. First note that for 
a>d>b, c>d + 2, d>ewe have 



Va,bVc,d+2yd,e = V'a,dVd_2,6Vc,d+2 Vd_i,e- 



(2.5) 
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This may be paraphrased as follows. Think of K:,rf+2Vd^e as Vc^e with a missing term, or 
gap, at d + 1. We could similarly talk or larger gaps with more terms missing. Then the 
equation above says that a gap in one V propagates to the left into the previous V and 
leaves a bigger gap in the original V. More succinctly we could say "gaps propagate left 
leaving bigger gaps" . The proof is quite simple: 

K,6K,d+2Vd,e = Va,bVc,d+2EdVd-.l^e 
= ya,bEdVc4+2yd-l,e 

= {EaEa^l ■ ■ ■ EdEd-lEdEd-2Ed-Z ■ ■ ■ Eh) Vc^d+2Vd-l,e 
= {EaEa-l ■ ■ ■ EdEd-2Ed~3 ■ ■ ■ Eb) T4,d+2Vd_l,e 
= Va4Vd-2,bVc4+2Vd~l,e- 

Second note that for a >b > d, c>6 + 2we have 

Va,bVc,b+2Vb-l,d = Vb,dVc,b+2- (2.6) 

which follows directly from the fact that the second and third terms on the left commute. 
With these preliminary results we can now begin the main proof. 

5Em2j {E[_ij]) = 5EM2j {Vj+i,iVj+2,2 ■ ■ ■ V2j+ij+i) 

= Vj+i^iVj+2,2 ■ ■ ■ V2jj5EM2j (V2j+lj+l) 

= ^■+l,l^'+2,2 • • • V2jjdEM2j {E2j+l) V2jj+l 

= [Vj+i^iVj+2,2 ■ ■ ■ V2jj] V2jj+1. 



Iterating (12. 5p from right to left 

5EM2jiE[_ij]) 



= Vj+i^iVj+2,2 • • 


■■V2j- 


-2,j- 


-2V2j- 


^l,j-l[V2j,jV2j,j 


+1] 






= 1^+2,2 • • 




-2,j- 


.2V2J- 


^l,j-l[y2j,2jV2j^ 


-2j^2j-l,i+l] 






= Vj+i^iVj+2,2 • • 


■■V2j- 


-2,j- 


-2[V2r 


-l,j-iy2j,2jV2j^ 


-2,j]V2j-l,j+l 






= yj+i,iVj+2,2 • ■ 


■■V2j- 


'2,j- 


-2[V2r 


-l,2j-2V2j-4,j- 


lV2j,2jV2j-3,j] 


V2,- 




= ^■+l,l^'+2,2 • ■ 




-2,j- 


-2V2y 


-l,2j-2V2j-4,j- 


l]V2j,2jV2j-3,j 


V2,- 





{V,+i,2){Vj+2A){Vj+3,eV3,3){Vj+4,sV5,4) ' ' ' 

■ ■ ■ iy2j~2,2j~4V2j-7j^2)iV2j^l,2j~2V2j-5,j~l)iy2j,2jV2j-3,j)V2j-l,j+l- 
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Iterating (|2.6p from left to right, 

<5-Ea/2j IJ]) = ^i+l,2[yj-+2,4V'i+3,6V3,3](^i+4,8V5,4) • • • 

• • • {V2j-2,2j-iV2j-7J-2){V2j-l,2j-2V2j-5,j~l){V2j,2jV2j-3j)V2j-lJ+l 
= ^'+1,2 [yj-+2,3^'+3,6] (^■+4,8^5,4) • • • 

• • • {y2j-2,2j-4V2j-7J-2){V2j-l,2j-2V2j-5J-l){V2j,2jV2j-3j)V2j-lJ+l 
= ^■+l,2V^-+2,3[V^-+3,6^'+4,8^5,4] • • • 

{V2j-2,2j-AV2j^7J^2){V2j^l,2j-2V2j-5,j-l){V2j,2jV2j-3,j)V2j-l,j+l 

= Vj+i,2l4+2,3^i+3,4 • • • V2j-ljV2j,j+l 

Hence, for y G Mj, 

7:f^\z)y = 6^+'El^^^\zyE^_,^^]) = 5^ e'^.J {zy5EM,,{Ey.,,^)) 
= 6^EZf{zyE[o,]) = 7rf{z)y 

□ 

Notation 2.1.36. From lemma [2X35] we see that if rc G M^, k < 2j + l, then 7rj{x) = 7rj(x) 
for all k < I < 2j + 1 and hence we will use ttj to denote this representation, with no reference 
to the algebra M^, that is acting. 

Proposition 2.1.37. For R G M2j+i, T^j+tiR) = T^j{R) (idL2(A/))®*^ . 

Proof. It suffices to prove the result for t = 1 and then iterate. Note that Ei^_ijjVj = 
t'j+iE'jij+i]. Simply observe 

■^[-IjFi = '^J+l,l^i+2,2^j+3,3 • • • V2j,jV2j+lJ+lEjEj_i ■■■El 

= ^■+1,2-^1 V,+2,3-E'2V^+3,4-£'3 ' ' ' V2jJ+l-Ej V2j+1 j+2-E'j+l-E'j-f'j-l ■ ■ ■ Ei 
= ^+1, 2^^+2,3^+3,4 • • • V2jJ+lV2j+lJ+2EiE2 ■ ■ ■ EjEj^iEjEj-i ■ ■ ■ Ei 
= V,-+1,2£^[1J+1]£^1 
= ^i+l^[lj+l]- 
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Now 

f TTjiR) Cgi id ) f xi Cgi • • • ] 

\ N J \ N N J 

= 5^^^eI\J+^ {RxiViX2V2 ■ ■ ■ 't;jXj+i£'[„ij]) Vj+iXj+2 

= (^Mj+r {RxiViX2V2 ■ ■ ■ VjXj+iE[_ij]) Cj + i^ ej+iVjXj+2 

= J-'+^r-E^^^;^!' {RxiViX2V2 ■ ■ ■ VjXj+iE[_ij]) ej+iVjXj+2 

= 5^E^J^^^ [RxiViX2V2 ■ ■ ■ VjXj+lEy^l^j^^VjXj+2) 
= 5^E^J^_^^ {RxiVlX2V2 ■ ■ ■ VjXj+lVj + iXj+2E[i^j + i]) 

= TTj + UR) ( Xl (X" • • • (g) Xj+2 
\ N N 

where we use the Pull-down Lemma (Lemma l2.1.22p to obtain the fourth line and the initial 
observation that E^^i j^Vj = to obtain the sixth line. □ 

Corollary 2.1.38. vr^ could be alternatively defined as follows. For R G M^., j < k < 2j+l, 
define tt^{R) G B{L'^{Mj)) by 

7r^^(i?)®(idL2(M))^"'"=vrti(i?) 

where t^^^i is the defining representation of Mf^ on L^(Mfc_i). This is the definition coming 
from the multi-step basic construction as described in Enoch and Nest (see Prop [OTPI 
for details in the infinite index IIi case). 

Proof R G M2j+i, so TTk-i{R) = Tij+(^k-j-i){R) = T^j{R) I (id)^^"'"\ □ 
2.1.5 Modular theory 

The construction of planar algebras will not require all of the modular theory that we 
discuss here and it therefore possible to skip the next two sections and go immediately 
to section 12.21 However, the following theorem is necessary to know that the modular 
operators on the finite dimensional relative commutants that arise in section [2^ are in fact 
the restrictions of the modular operators on the spaces L^(Mfc, ip). 

Modular theory involves a number of unbounded operators. However, the relative 
commutants are invariant under the operators of the modular theory and finite dimensional- 
ity implies that the restrictions of these operators to the relative commutants are bounded. 
We collect these and other technical results below. 
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Theorem 2.1.39. Let be the operator x ^ x* on C L'^{Mk,ip), = S^Sk the 
modular operator. Then 

(i) N' n Mfc is in the domain of S^, S^. and for allt^C N' n is invariant under 
all of these operators, and also invariant under Jk ■ 

(a) Afc(i?) = {^h^E]^{xh*)) and A^^(x) = {^i,EN{hx)h*) where B is any basis for M 
over N. 

(Hi) 5fc+i, Sl_^_i, Jk+i and (t G C) restrict to Sk, S^, Jk and A^. respectively on 

N' n Mk, and hence will be denoted S, S* , J and A*. 

(iv) SkTTkiN' n M2k+i)Sk = TTk{N' n M2fc+i). More precisely, for z e N' n A^k+i, 
SkT^k{z*)Sk has dense domain in L^(Mfc,(/9) and extends to a bounded operator on 
L^(Mfc,(/5) given by TTk{Rk{z)) where Rk{z) G A^' n M2fc+i is given by 

i?fc(z) = r-^-ij;ii;M,(eMer 

where e = e[-i,k] implements the conditional expectation Ej^'' and B is any basis for 
Mk over N . 

Consequently Sk ■ Sk, S"^ ■ 5^ and Jk ■ Jk are all conjugate-linear automorphisms of the 
vector space 'Kk{N' n M2k+i) and Af, ■ A^J , A^ • A^ are linear automorphisms 
o/7rfc(iV'nAf2fc+i). 

(v) In addition to (iv), Sk • Sk, S^. ■ S^, A^^''^ • A^/'^ , A^J'^ • Aj^^^'^ and Jk • Jk all map 
TTkiN' n Mk) onto TTkiMj^ n M2fc+i). 

Proof. 

(i) Let X € N'nMk. Then Skix) = x*£ N^llMk. 
For ah y e Mk 

(x,y*) = ^{yx) =Y,^ibEN{b*y)x) = Y,^{bxEN{b*y)) 

b b 

= ^ ip{EM{bx)b*y) = {y, {bE^{x*b*)f) . 
b b 
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Hence x £ D{Sl.) and S^x) = (Ylb^^^^i^*^*)) which is thus independent of the 
basis B. Given any v G U{N), vB is also a basis for over N and hence 

hEN{x*h*)\ V* = J2ivb)EN{x*{b*v*)) = Y,bEN{x%*) 
/ b b 



\ b 

SO that bE]\f{x*b*) G N' CiM)^. Consequently x is in the domain of = 5^5^ and 

The fact that N' n is in the domain of A|. and invariant under it is a basic exercise 
in spectral theory. There exists a measure space (X,^), a positive function F on X 
and a unitary operator v : L^(X, fi) — )• L^(Affc, ip) such that t'*Afcf = Mp, the operator 
of multiplication by F. As v*{N' n M^) is finite dimensional and invariant under Mp, 
it has a basis {/i, • • • , /«} of eigenvectors of Mp. Thus there exist Aj > such that 
Ffi = Xifi and hence F = Xi a.e. on the support of /j. This implies that -F* = A* 
a.e. on the support of /j and hence v*(N' n M^) = span{/i, . . . , /„} is in the domain 
of {MpY and invariant under it. 

—1/2 

Lastly, Jfc = SfeA, so A^' n is invariant under J^. 



(ii) From above 



Ak{x) = SkS*^x = (^bEN{xb*)j' 
A^i(x) = SlSkX= (^EN{bx)b*^' 



(iii) Let x G A' n M^. Obviously = x* = S'^+iir. To see that Six = S^^^x observe 
that for all y G M^+i 

{Slx,y) = (^Slx.E^v)) = {E'Z^r,x) = (e'Z^*),x) 



Prom the above A^+ix = A^a;. The spectral theory argument in (i) implies that 
A^^a? = Alx. Finally Jk+ix = Sk+i^lH^x = SkA^^^'^x = JkX. 

(iv) It suffices to prove this in the case k = 0. Let 6 be a basis for M over N. Since Bei 
is a basis for Mi over M, there exist Xb £ M with z = beiXb- Then for all y G M 
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we have 

Soz*Soy = Y,SoxtEMb^*) = Yl {EN{yb)xhf , (2.7) 

6 b 
which demonstrates that SoZ*So has domain M which is of course dense in L^(M, (f). 

Next observe that 

Y,EM{eibz)eib*y = Y,EM{eibz)E^y) = Y,{EM{eihzEN{b*y))f 

b b b 

= ^ {EM{eibEM{b*y)z)f = E^yz) 
b 

= ^ {EM{eiybeiXb)) = ^ {EM{EN{yb)eiXb)) 

b b 

= TY(EN{yb)xb) 
b 

so that the bounded operator Rq{z) = YlbEM{eibz)eib* agrees with Sqz* Sq on 
its domain. Rq{z) G N' because [2 .71 is clearly A^-linear in y. Since Sq = 1, z ^ Sqz*Sq 
is an automorphism of A^' R Mi . 

Taking adjoints, using the fact that Jo{N' n Afi)Jo = A^' n Mi in addition to 5o = 
JqAq^^ = Aq Jo and 5*0 = JqAq = Aq^^ Jq the second part of (iv) is reasonably 
clear. However, a little care must be taken with domains. 

For i G V{S^) and y G V{Sq) = M we have 

{Soy,zS*oO = {^,Soz*Soy) = (^,i?o(^)y) = (i?o(^)*e,y) 

so that zS^^ G V{S^) and S^zS^^ = Ro{z)*^. Hence V{S^zS^) = V{S^) and S^zS^ 
extends to the bounded operator Rq{z)* , which is in N' n Mi. Since (jSq)^ = 1, 
z I—)- SqzSq is a conjugate-linear automorphism of N' n Mi. 

For ^ G P(Ay^) = V(S^) and ?? G 2?(A(^^/^) = V{S^) we have 

(^o^^^^'^^y^?) = {JoSor],zJoSo(,) = {JozJoSo(,,SQr]) 

= {S^^,{Joz*Jo)S*ov) = {S*o{Joz*Jo)S*Qr],0 
= {Ro{JozJorv,0 = {v,Ro{JozJo)0 

so that zAg/^^ G 2?(Ay^) and A^ ^/^zAg/^^ = Ro{JozJo)^. 

Hence ^^(Aq ^^"^zAq^"^) = P(Aq^^) and Aq ^^^zAq^^ extends to the bounded operator 
Ro{JozJo), which is in iV' n Mi. 
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A similar argument shows that ^(Aq^^zAq ^^^) = I?(Aq ^''^) and Aq^^zAq extends 
to the bounded operator Rq{Jqz* Jq)* , which is in N' n Mi. 

In detail, 

^A^^^, zAq ^''^T?^ = {JoSoC,zJoSQr]) = (JozJoSqI], Sq^) 

= {C,S*Q{JozJo)S*or]) = {^,Ro{Joz*Jorri) 

so that zA'^^'^T] G V{AI^^) and Ag/^zAg ^^^77 = Ro{Joz* Jo)*!]. 

Finally, since the two maps z 1— )■ Aq ^^"^zA^^"^ and z 1— )■ Aq^^zAq are inverse to each 
other, they are linear automorphisms of N' Ci Mi. 

(v) First note that Jo{N' D M)Jq = Ad' D Mi and so these two spaces have the same 
dimension. Next let x ^ N' r\ M. Since SqxSq is right multiplication by x* , which 
commutes with the (left) action of M on L^(M, we have SqxSq € M' n Mi. This 
map is injective and hence, by a dimension count, also surjective. The other maps 
can all be expressed in terms of these two and adjoints, so also map N' n M onto 

M'nMi. 

□ 

Remark 2.1.40. We will use 5fc(x), Sl{x) and A*^(x) to denote A^^(5'fc(Afc(x))), 
A^"^(S'^(Afc(x))) and A^"^(A^(Afc(x))) respectively. Note that this is quite different to the 
operator product, for example SkX (more precisely denoted SkTTk{x)). 

2.1.6 The rotation operator 

Exactly as in Jones |16j 4.1.12 we define a rotation operator on the relative commutants. 
We prove that the rotation is quasi-periodic, namely p^^^ = ^- We will obtain this result 
again as a consequence of our work on planar algebras, but we include a self-contained proof 
in this section. 

Note that in the extremal IIi case of [16] Em' below can be taken to be the trace 
preserving conditional expectation onto M' n M^+i, but in the non-extremal type II case 
one must use the commutant trace preserving expectation. In the full generality presented 
here such choices do not occur and the correct path is clearer. 



27 



Definition 2.1.41 (Rotation). On N' n define an operator by 
Given a basis B for M over iV, define on by 

where x = 9 {xi (^n ^2 0n ■ ■ ■ '^N Xk+i)- By Prop 12.1.281 pk{x) = rf (x) for x G iV' n M^. 

Lemma 2.1.42. For x = I xi Cgi X2 (8) • • • x^ 1 1 I and i? any basis for M over N we have 

\ N N N J 



(x) = ^ ( E]\r(bxi)x2 (8) X3 (Xi • • • (g) Xfc+i (g) 6* I . 

^ V N N N N J 



beB 

Proof. The proof is exactly the same as Jones |16] 4.1.14: 



XVk+l = (xi'yiX2V2 • • • VkXk+l)Vk+l = 61 ( Xi (g) • • • Xfc+1 (g) 1 ) = Xivl^iX2Vl ■ ■ ■ Xfc+lt^il 

\ N ^ / 



SO that 



''kix) = Yl EM^{vk+ibxivlj^^X2vl ■ ■ ■ Xk+ivlb*) 

= ^ EM,,{5Ek+iEN{bxi)x2vl ■ ■ ■ Xk+ivlb* 

= EN{bxi)x2vl ■ ■ ■ Xk+ivlb* 
beB 

> 6 ( E]\r(bxi)x2 (g X3 • • • (g Xfe+i (g b" 

V N N N N 

beB ^ 



□ 



Theorem 2.1.43. The rotation is quasi-periodic: p^"^^ = ■ 
Proof. 

(i) First note that if x = 9{xi (gA? X2 (gAr • • • igAr x^+i) and y = 9{yk+i fS^NVk <gAf • • • <i^Nyi), 
then EN{xy) = En{xiEn{x2 ■ ■ ■ EN{xk+iyk+i) ■ ■ ■ 2/2)2/1)- 

Proceed by induction. The result is true for k = 0. Suppose it is true for k — 1. 
Let X = 6* (xi (gAT X2 (gAT • • • (gAf Xk) and let y = {yk <i^N Uk-i ®N ■ ■ ■ ®N Ui)- Then 
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X = xvkXk+i and y = Vk+ivly. Note that v^Xk+iVk+ivl = 6EkEN{xk+iyk+i) and 
hence ^Mfc_i (wfcXfc+iyfc+iv^) = EN{xk+iyk+i)- Thus 

EN{xy) = Ej^''-^{xEMk-i{vkXk+iyk+ivl)y) 
= E^''-^{xEN{xk+iyk+i)y) 
= En{xiEn{x2 ■ ■ ■ ENixk+iyk+i) ■ ■ ■ y2)yi) 

(ii) Let i? be a basis for M over N. By Lemma [2X27] = {0{hi^®N- ■ - ^Nhk+i) '■ ^ 1} 
is a basis for Mk over A^. Let x ^ N' r\ Mk- Then we can write x as 



\^ cnc= 9 [hi^® ■ ■ ■ ® hi ] n, 



x = 



where ric (or are in N. Hence 

Pk{x) = X] ^ ( E{bj,bi^)bi,^ ^ • • • § g ^ii ) 

ii,...,«fc+i ji 



= En{cx)c* 
where the last equaUty comes from Theorem 12. 1.39[ 

□ 
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2.2 The Planar Algebra of a Finite Index Subfactor 

We are now in a position to define the planar algebra associated to a finite index subfactor. 
By Theorem 12.1.431 the rotation is not quite periodic in the general case and this requires 
us to change the axioms of a planar algebra slightly. We will first define a rigid C* -planar 
algebra in which boxes cannot be rotated, which then gives rise to an induced modular 
extension in which boxes can be rotated, but this changes the action of the tangle in a 
specified way. 

We show that the standard invariant of a finite index subfactor forms a rigid C*- 
planar-algebra. Along the way we will see that the (quasi-)periodicity of the rotation is a 
trivial consequence of the rigid planar algebra structure. 

We show that any rigid C*-planar algebra gives rise to a spherical C*-planar alge- 
bra. As a corollary we see that for any finite index subfactor there exists an extremal IIi 
subfactor with the same (algebraic) standard invariant, which recovers a result originally 
due to Izumi. 

Finally we consider the inverse construction from a spherical C*-planar algebra 
with some additional data to a rigid C*-planar algebra. Lifting this construction to the 
subfactor level we show that any rigid C*-planar algebra arises from a finite index subfactor. 

These results justify the focus on IIi subfactors rather than more general inclusions, 
at least as far as the study of the standard invariant of finite index subfactors is concerned. 
We see all possible standard invariants of finite index subfactors by considering IIi subfactors 
and if our interest lies only in the algebraic structure without reference to Jones projections 
and conditional expectations we need only consider IIi extremal subfactors with the trace- 
preserving conditional expectation. 

2.2.1 Rigid planar algebras 

In essence the only difference between a planar algebra and a rigid planar algebra is that we 
use rigid planar isotopy classes of tangles in place of (full) planar isotopy classes of tangles. 
A rigid planar isotopy is one under which the internal discs undergo no rotation. The set 
of rigid planar isotopy classes of tangles forms the rigid planar operad P*". A rigid planar 
algebra is an algebra over P*" in the sense of May [23j, that is to say a set of vector spaces 
Vj^ , VjT {k > 0) and a morphism of colored operads from P** to Hom, the operad of linear 
maps between tensor products of the V^^'s. We describe these ideas in detail below. 
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Definition 2.2.1 ((Rigid) planar /c-tangle). A planar k-tangle is defined exactly as in 
Jones [16], except that we require the boundary points of the discs to be evenly spaced, the 
strings to meet the discs normally and the distinguished boundary segments can be either 
white or black. Thus the definition below follows Jones almost verbatim. For simplicity 
when drawing tangles we will often draw the boundary points so that they are not evenly 
spaced. In general diagrams will be drawn with the distinguished boundary segment on the 
left. When this is not the case we will denote the distinguished segment with a star. 

A planar k-tangle will consist of the unit disc D{= Dq) in C together with a finite 
(possibly empty) set of disjoint subdiscs Di, D2, . . . , in the interior of D. Each disc Dj, 
i > 0, will have an even number 2ki > of evenly spaced marked points on its boundary 
(with k = ko). Inside D there is also a finite set of disjoint smoothly embedded curves called 
strings which are either closed curves or whose boundaries are marked points of the -Dj's. 
Each marked point is the boundary point of some string, which meets the boundary of the 
corresponding disc normally. The strings all lie in the complement of the interiors Df of 
the Di, i > 0. The connected components of the complement of the strings in D"\ [Jl^i Di 
are called regions and are shaded black and white so that regions whose closures meet have 
different shadings. The shading is part of the data of the tangle, as is the choice, at every 
Di, z > 0, of a region whose closure meets that disc, or equivalently: a distinguished arc 
between consecutive marked points (the whole boundary of the disc if there are no marked 
points); or a distinguished point which we will call pi at the midpoint of the arc. Define ai, 
the sign of Di, to be + if the distinguished region is white and — if it black. 

A rigid planar k-tangle is a planar fc-tangle such that for every point pi, i > 0, the 
phase relative to the center Xj of D^ is the same. In other words the angle between the line 
from Pi to Xi and a ray in the positive x-direction emanating from Xi is the same for all i. 

We will call a (rigid) planar /c-tangle, with ctq the sign of D, a (rigid) planar 
(do, k)-tangle. 

Composition of tangles is defined as follows. Given a planar A:-tangle T, a /c'-tangle 
S, and an internal disc Di of T with ki = k' and (Ji{T) = aQ{S) we define the /c-tangle Toj S 
by radially scaling S, then rotating and translating it so that its boundary, together with 
the distinguished point, coincides with that of Di. The boundary of Di is then removed to 
obtain the tangle T Oj S. 

Note: We will often use and 1 in place or the signs + and — respectively. Sometimes we 
will drop the sign completely in the case of o" = + and use a to denote a disc with a = —. 
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Definition 2.2.2 ((Rigid) planar operad). A planar isotopy of a tangle T is an orientation 
preserving diffeomorphism of T, preserving the boundary of D. A rigid planar isotopy is a 
planar isotopy such that the restriction to Di, i > 0, only scales and translates the disc Di. 

The (full) planar operad P is the set of all planar isotopy classes of planar fc-tangles, 
k being arbitrary. The rigid planar operad F'' is the set of all rigid planar isotopy classes 
of planar /c-tangles. Clearly composition of tangles passes to the planar operad and to the 
rigid planar operad. 

Remark 2.2.3. In a rigid planar tangle the phase of the external distinguished point po 
is not important, only the relative position of the internal distinguished points. Thus we 
could require that po is the leftmost point of D (relative to some underlying orthogonal 
coordinate system for the plane) and the condition could then be stated as: for all i > 0, 
Pi is the leftmost point of Di. 

The use of discs in the definition of tangles and planar operads is convenient, 
but we could contract the internal discs to points and formulate the definitions in these 
terms, or use boxes (with pi on the left edge) in place of discs which would lead to another 
reformulation. We will use these descriptions interchangeably. 

Definition 2.2.4 (Rigid planar algebra). A rigid planar algebra (Z, V) is an algebra over P''. 
That is to say we have a disjoint union V of vector spaces V^^, V^" (sometimes denoted V^, 
respectively), k > 0, and a morphism of colored operads from Z : P** — )• Hom(y), the operad 
of linear maps between tensor products of the V^^'s. In other words, for every (equivalence 
class of) rigid planar /c-tangle T in P** there is a linear map Z{T) : '^f^iV^,'' — )• (which 
is thus unchanged by rigid planar isotopy). The map Z satisfies Z{T S) = Z{T) Oj Z[S). 

For any tangle T with no internal discs, the empty tensor product is just C and 
Z{T) : C — )• and is thus just multiplication by some element of . We will also use 
Z[T) to denote this element. 

We also require finite dimensionality (dim(V^^) < oo for all k), dim(V^^) = 1 and 
^ 7^ 0. (note that these tangles are a white disc with one closed string 
and a black disc with one closed string respectively - we have drawn the discs as boxes to 
make this clear). Finally, we require that Z(annular tangle with 2k radial strings) be the 
identity (for each k there are two such tangles, either ctq = or co = 1). 

Remarks 2.2.5. Without the last condition in the definition we would only know that 
^(annular tangle with 2k radial strings) is some idempotent element in End(y^^). How- 



.Z 
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ever, by inserting this annular tangle around the inside of any internal A;-disc and the outside 
of any fc-tangle it is clear that the planar algebra would never "see" (1 — e^)V^. Thus we 
may as well replace with e^V^ and then the annular radial tangles act as the identity. 

becomes an algebra under the multiplication given by the tangle below. The 
thick black string represents k regular strings. 




Figure 2.1: The multiplication tangle 

For example, for /c = 3 we have the following tangles (for and respectively). The 
marked points have been evenly spaced in this example as they should be, but for simplicity 
we will usually draw the marked points with uneven spacing. 




The multiplicative identity in is just the image of the tangle below (more precisely Z 
of this tangle applied to 1 G C, the empty tensor product). 



Note that is now a 1-dimensional algebra with identity given by Z (empty disc) (the 
picture above with no strings), hence may be identified with C with Z(empty disc) = 1. 



With Vq thus identified with C, Z 



7 



5i and Z 



82 for some 



33 



61,62 G C\{0}. Unless stated otherwise, we will require 61 = 62 = 6 (one can always 
"rescale" to achieve this). 

The fact that 5/0 implies that : — )• V^_^^, defined by adding a string on 
the right, is injective. Similarly 7^ : — )• Vfc+i=F by adding a string on the left is injective. 

Definition 2.2.6 (Rigid planar *-algebra). For a (rigid) /c-tangle T define T* to be the 
tangle obtained by refiecting T in any line in the plane (well-defined up to rigid planar 
isotopy). A rigid planar *-algehra is a rigid planar algebra (Z, V) equipped with a conjugate 
linear involution * on each such that [Z{T){vi ® ■ ■ ■ ® Vn)]* = Z{T*){vi ® ■ ■ ■ ® f*). 

Definition 2.2.7 (Rigid C*-planar algebra). A rigid C*-planar algebra is a rigid *-planar 
algebra {Z, V) such that the map <I> = <I>^ : — )• C given below is positive definite on V^^, 
i.e. $(x*x) > for / X G V^. 




As usual the thick string represents k strings and we have suppressed the outer 0-disc. 

Remark 2.2.8. Let {Z, V) be a rigid *-planar algebra. Note that if <I>^ is positive definite 
then so too is by adding a string on the left and applying Hence it suffices to 

check that is positive definite. 

Every is semi-simple since for any nonzero ideal N take nonzero x £ N, then 
x*xx*x = {x*x)*{x*x) G N'^ and is nonzero by positive definiteness of Hence every V/^ 
is a direct sum of matrix algebras over C or, equivalently, a finite dimensional C*-algebra. 

Definition 2.2.9. Define : V,^ C by 
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Define jjf' = Z{Tjj[') : vl''' V^''^ > where TJ^' is the following tangle (r = 0, 1) 

TJk = * 

Remarks 2.2.10. Note that jj.!''' is invertible, with inverse Z ^TJ^,'"'^''^ j )' ^ ^^^^ ^'^^ 

(r) 

following properties. Let x . Then, with indices suppressed, 

• J{xy) = J{y)J{x)- 
. {J{x)r = J-\x*)- 

• ^{J{x)) = ^{J~^{x)) = 

• ^'{J{x)) = = 

• ^{xy) = ^'{J{x)J-^{y)), (^'{xy) = ^{J-^{x)J{y)) because 



^{J~\x)j{y)) = 




= ^'{xy) 



Lemma 2.2.11. Let {Z,V) he a rigid C* -planar algebra. Then = <I)^ : C is 

positive definite. 

Proof. For nonzero x £ let y = J{x) ^ 0, then 

< ^{y*y) = ^{{J{x)Y J{x)) = ^{J^^{x*)J{x)) = ^'{x*x). 

□ 
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Remarks 2.2.12. The requirement that an annular tangle with 2k radial strings act as 
the identity in the definition of a rigid planar algebra is not necessary for a rigid C*-planar 
algebra. Let a = ^(annular tangle with 2k radial strings). Then ^{xa{y)) = ^{xy) for all 
X G and a{x) = x hy the positive definiteness of 

(fk = S~^^k and if'i. = 6~^^'i.. are normalized so that v'fc(l) = ^'ki'^) = 1 aiid both 
(p and ip' are compatible with the inclusions l : — )• V"^^-^ and 7 : — )• V^^j^-^. 

Notation 2.2.13. For r = 0, 1 let V^^^ = T^'lY^T^a • • • lt-j+i^^t~P (^^7^) denote the 
subspace of vjf^ obtained by adding j strings to the left of vl^^-^"* (where all upper indices 
are computed mod 2). In other words the image of the map defined by 




3 k-j 



Call this map the shift by j. 

Let w^i^ denote the Radon-Nikodym derivative of {<f')^ with respect to (f^ on 
y.^. Thus w^j^ is the unique element in V^j^ such that (p'{x) = Lp{w^p,x) for all x G V^^. 
w^^ exists because V^^ is finite dimensional and is positive definite. By the positive 
definiteness of 99', w^^. is positive and invertible. 

Let = w^_^ ^ and = w^^. As mentioned earlier we will sometimes suppress 
the + index and use in place of — . Set w = wi = wf, w = wi = . Then W2r+i 
is just w with 2r strings to the left and W2r is w with 2r — 1 strings to the left. i.e. 
W2r+i = {j~l'^Y (w) and W2r = {'y~j~^y~^j~{w). 

Lemma 2.2.14. 
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2. Zfc = w\W2 ■ ■ ■ Wk and is thus given by 



Zk = 





















w 




w 




w 




w 






















Proof. 

1. For X G yf , ifi{J{''^{w~'^)x) = ip[{w^''' J{'-^ (x)) = ipi{J{'-^{x)) = (f'i{x) and hence 



2. Let y = wiW2 ■ ■ -Wk = 





















w 




w 




w 




w 





















Then, for x £ , 



^{yx) = 
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Definition 2.2.15. Define : by A = j"^. More precisely A^""^ = J^^'^^'oJI 




Lemma 2.2.16. For all x,y £ , 

ip{xy) = ip{yA{x)) = ip{A~'^{y)x), 
if'ixy) = ip'{yA~\x)) = ip'iA{y)x). 

Proof. First 

Vixy) = ^'{J{x)J~\y)) = v{J{J{x)J~\y))) = ^{yj\x)) 
and because Lp o j'^ = o J7 = we also have ip{xy) = ip{J~'^{y)x). Secondly 
<p'{xy) = if{J-\x)J{y)) = ^{yj\x)) = ^'{J-\y)x). 

□ 

Remark 2.2.17. This result shows that A is in fact the modular operator for (V^^, tp) and 
A~^ the modular operator for {V^^Lp'). 

Corollary 2.2.18. A(^^^.) is a positive definite operator on h"^ {V^ , Lp) and for x G V^^ and 

t e M, A;^ = {w^fxw'^Jiy . 

Proof. A^ is positive definite because, for nonzero x S Vj^ , 

(A(x),x) = ^ {x*j\x)) = ^' {J{x)j-\x*)) = ip' {J{x) {J{x)r) > 0. 

Let W = Wj^k- The result is true for i = 2 because for all x,y £ V^^. 

cpiWxy) = ^'{xy) = ip'{yA-\x)) = ^{WyA~\x)) = ip{A-\x)Wy), 

using Lemma [2 . 2 . 1 6 1 twice . Hence Wx = A~'^{x)W so that A~'^{x) = WxW~^ and also 
A2(x) = W-^xW. 
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To prove the result for general t we will first show that x W '^xW^ is a positive 
operator on L^(V^"*fc, ^) for s G M. Note that A^W^ = W-^{W'')W = W so that is an 
eigenvector of eigenvalue 1 for and hence also for all A** since A is positive. Therefore 
is in the centralizer of 93 on V^^ since, for all x S V^^, 

ip{W'x) = ip{xA{W')) = ifixW). 

This implies that for s G M, : x 1— )■ W~'^xW^ is a positive operator on L^(TA+,(^): 



{W-'xW',x) = ip{x*W-'xW') = ip{W'/^x*W-'xW'/^) > 0. 



Thus {As} is a continuous one-parameter family of positive operators on L^(V^'^,(^), and 
A^ = ^1. A simple spectral theory argument implies that A'' = all r G M and so 

A*(x) = l^-*/2xVF*/2. □ 

Corollary 2.2.19. // ip is tracial then A = id, is tracial and the rotation operator 
Pk : — )• defined below is periodic. 



Pk 



k-2 



2.2.2 Sub factors give rigid planar algebras 



In this section we extend Jones' [16] result that the standard invariant of an extremal finite 
index IIi subfactor has a spherical C*-planar algebra structure. 

Theorem 2.2.20. Let {N,M,E) be a finite index subfactor. Let = N' r\ A4._i and 
VfT = M' n Affc. Then V has a rigid C* -planar algebra structure Z^^'*^'^^ satisfying: 

(1) Ji = 52 = 5=-^Ind(E)i/2. 

(2) The inclusion maps : — )■ V^j^i are the usual inclusion maps N'nMk-i N'CiMk 

and M' D Mk ^ M' D Mk+i . 

(3) The map 7^ : — )■ V^t^-^ is the inclusion map M' H ^ N' (1 M^. The map 
Tfc" • '^k' ~^ ^fc+i ^-^ ^^'^ ^^'''fi sh : N' n Mk-i M[ fi Mk+i defined by R e 
End7v_* (L2(Afj)) id ®7V i? G End^i-* (l2(Mj+i)) . 
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(4) The multiplication given by the standard multiplication tangles agrees with the multi- 
plication on the algebras N' D M^. 



(5) 



6ek = Ek 



k k + 1 



(6) 




(7) 



SEm' and in general 




6^^^E^, 



The rigid C* -planar algebra structure on V is uniquely determined by properties (4), (5), 
(6) and (1) (lor j = 1). 

Remark 2.2.21. As a consequence of (6) and (7) we see that and (p' coming from the 
planar algebra structure agree with those already defined on the standard invariant. 



Proof of Theorem \2.2.2(A 

Given a fc-tangle T with internal A;,-discs Di , . . . , D„ and elements vi G V!^"- we need 
to define Z[T) {vi ® ■ ■ ■ ® f„) G V^^ and show that the element we define is independent of 
rigid isotopy of T. Finally we need to show that Z is a morphism of colored operads. 

Our line of proof will be very close to that of Jones |16] . Section 4.2, although our 
construction will differ slightly. The advantages of this construction are an explicit descrip- 
tion of the action on L^(Mj) and the fact that the construction will also apply to the case 
of bimodule homomorphisms Hom*_*(L^(Mj), L^(Mfc)) rather than just endomorphisms 
End,_,(L2(Mi)). 

Consider first the case of a (+, /E)-tangle T. We will define Z{T) (vi (8) • • • (8) Vn) S 
EndAr_A/_t(L2(M,.)) = N'n A'hr+t, where k = 2r + 1, t = 0,1. 
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We will say that a tangle is in standard form if it is a vertical concatenation of 
basic tangles of the following three types: 



k k + 1 



k k + 1 



TSk,i,f 




Any rigid planar (+, A;)-tangle can be put in standard form by rigid planar isotopy. 

Note that the basic tangles have a different number of marked points at the top 
and bottom of the box. A tangle with sign a, j marked points at the bottom and k marked 
points at the top will be called a (cr, j, A;)-tangle. 

It may seem that we are introducing more general types of tangles here, but we are 
really just used a variety of "multiplication" tangles rather than just the standard one in 
Figure I^TTl A (cj, j, A;)-tangle can be considered as a {a, '^^)-tangle together with additional 
data given by j. The additional data determines the type of multiplication to be used. For 
example multiplication of a (5, l)-tangle and a (3, 5)-tangle is given by 



In order to define Z{T) for a general rigid tangle we will first define it for the basic 
tangles. Given a basic (+, 2j + 1 + t,2k + 1 + t)-tangle (t = 0, 1), Z(T) will be an element 
of Hom7v-M_t(L^(-/Vfj), L^(M,t)). We first need a preparatory lemma. 



41 



Lemma 2.2.22. Define a : L^(M) — )• L^(Mi) to be 6 times the inclusion map. Identifying 
L^(Mi) with L^(M) (JJat L^(M) using ui from Proposition \2.1.25[ allows us to write a as 
a{x) = Y^f^ xb (^AT b* = Y^^b ®Ar b*x. 

Define maps (3, jS : L^(M) — )• l?{Mi) by fi : x ^ x®^! = xEi, /3 : x i-^ 10^ x = Eix (note 
that id(8>Ar/3 = /3(8>Aridj. Then a,f3,f3 are all continuous, a G Homj\/_jv/ (L^(M), L^(Mi)) , 
p G HoniM-iv (L2(M),L2(Mi)), ^ G Hom^_M (L2(M), L2(Mi)) and 

a* = 6e2 : X ®y ^ xy 

N 

/?* : X ®y ^ xE{y) 

N 

(3* : x®y ^ E{x)y 
N 

Proof. As we noted above, a is just 5 times the inclusion map, so a is continuous and 
a* = 6e2. 6e2{xEiy) = 6'^EM{xeiy) = xy. a G Hom^-M (L^(-^)5 L^(Mi)) because 
inclusion L'^{M) ^ L2(Mi) preserves left multiplication by M and also the right action of 
M (since Ji|l2(m) = "^o)- 

/3 is continuous because (p{Eix* xEi) = 5ip{Ej\f{x*x)Ei) = ip{Ej\f{x*x)) = ip{x*x). 
fi*{x®N y) = xE{y) because {x y, z 0n = ^ {E{z*x)y) = (p {z*xE{y)) = {xE{y), z) . 
/3 is clearly left M-linear. To show right iV-linearity observe that 



X ■ n (S> 1 = iJ^n* Jqx) ® 1 = Ji \ 1 ® n* Jqx = Ji \ n* ® Jqx = Jin* Ji x 1 

N N \ N J \ N J \ N 

(3 = Jif3Jo and hence f3 is continuous and N — M linear. f3*{x (^n y) = E{x)y because 

xigy, l(8>z) = 99 {z*E{x)y) = {E{x)y, z) . 

N N 



□ 



We can now define the elements of Hom:^_* (L^(Mj), L^(Affc)) associated to each 
basic tangle. 

Z (TI2^ p) = 6-^/^ (id)®^"' «) a (g) id (g) id • • • (g) id 

N N N N 



Z (T/2._i,p) = 51/2 



/3* (g id(g id(g • • • (g id « = 1, 

N N N N 

(id)®^''(g/3*(gid(g---(gid i>2 

N N N N 



Z{TE^^p) = Z{TIk,pr 
Z {TS2i+t,k,p) (R) = (id)®^ id • • • id 

N N N N 
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Letting x = xi X2 

N N 



N 



• Xk (p = 2/c or 2k + 1) we can see these maps explicitly as 



Z {Thi,p) : X ^ 5-1/2^1 



5-1/2 



Xl 



(g) • • • (g) Xi^i (g) Xib (g) 6* (g) Xj+i (8) • • • <8) 3;^ 

N N N N N N N 

5 • • • (8) a^j-i (8) 6 (8) 6*Xj Cg) Xj+i ® • • • ® Xfc 

N N N N N N " 



Z {Tl2i-i,p) : X i-> 



(5^/^! ® Xl (g) X2 (8) 

AT AT Af 



AT 



N 
i = 1, 



(5-^/^X1 (g) • • • Xj_i (g)l(8)Xi{g)---(8)Xfc i>2 

AT Af Af Af AT 



^ {TE2i,p) : X J-^/^xi ® 



Xj_i (g) XjXj+l Xj+2 ® 
N N N N 



N 



Xk 



X I— 7- < 



Z (TS2i,2j-t,p) {R) : x^ Xl 



(5^/2£;(xi)x2 (8 X3 (g) 
Af AT 



(g Xfc 

AT 



Xl (g • • • Xj_2 (g Xi_i£'(xi) (g Xj+i (g 
AT Af N N 



Xfc z > 2 



Af 



Z {TS2i+i,2j+t,p) (i?) : X 1-^ Xl (g 

Af 



■ Xi (g 
AT 



' Xj (g 
AT 



7rj_i(ii) Xj+i 



AT 



TTj{R) Xi+i 



N 



(g Xj+j 
N 



(g Xj+j+i 
Af 



AT 



(g Xj+o+i (g 
Af AT 



(g Xfc 
Af 



(g Xj+,-+2 (g • • • (g Xfc 
Af Af Af 



where t = or 1. 

Finally let us check that a basic tangle with 2k— t lower strings and 2k— t or 2A;— ^±2 
upper strings defines an element of EndN~M_t (L^l-^-^fc)) Hom7v-A/_t (L2(Mfc), L2(Mfe±i)) 
respectively (recall that we are currently only considering the case of tangles with ctq = +). 
All of these maps are left-A^-linear and all are right M- linear except for three cases. 
Z{TE2i^i) = (id)®^~' (gAT 13 and Z (Tht^i) = (id)^'^' (g^v (3* are both iV-linear only 
on the right, but this is all that is required since both have an odd number of strings. 
Z (TS2i+t,2j+i-t) (R) = (id)*^^ (g^v R is also A^-linear only on the right, but again has an 
odd number of strings. 

Now, given a rigid planar (+,2r + t)-tangle T (where t = 0,1) we can define 
Z{T) {vi0---0Vn) G EndAr_Af_t(L2(i\4)) = N' D IVhr+t by putting T in standard form 
by rigid planar isotopy and then composing the maps we get from the basic tangles in the 
standard form. We need to show that the element of End7v-Af_t(L2(M,.)) that we obtain 
is independent of the particular standard picture we chose. Then the map Z will not only 
be well-defined on a tangle T, but invariant under rigid isotopy as any two isotopic tangles 
can be put in the same standard form. 

At this point our argument starts to closely resemble that of Jones. If we have two 
standard pictures that are equivalent by a rigid planar isotopy h then, by contracting the 
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internal discs to points and putting the isotopy in general position, we see that the isotopy 
results in a finite sequence of changes from one standard form to another. These changes 
happen in one of two ways 

(i) The y-coordinate of some string has a point of inflection and the picture, before and 
after, looks locally like one of the following. 



a) 



2i 



2't+l 



(2) 



2i 



2i+l 



2i+l 




(4) 



2i+l 



2i 



2i 



(ii) The y-coordinates of two internal discs, or maxima/minima of strings (which we will 
refer to as caps/cups respectively), coincide and change order while the x-coordinates 
remain distinct. 



In case (i) note that a*/3 = a*/3 = /3*a = j3*a = id. Then 
(1) This is either {a*p) CdN (id)®''^ = id (i = 0), or (i > 1), 



(id)®^"' 



N 



id (g) a* /3 (g) id 

N J \ N 



{idfN = (id)®iv ® a*/3 (id)®iv = id. 

N N N 



(2) (id)®5v g, /3*a iid)< = id. 

N N 

(3) (id)®5v a* (3 ® (id)< = id. 

N N 

(4) If i = then (p*a) (id)®'iv = id. For i > 1, 



(id)®iv ^ 
N 



/3* (g id id (g a 
N J \ N 



{idfN = (id)®iv g, p*a g) (id)®iv = id. 

N N N 



In case (ii) we have two cups, two caps or a cap and a cup passing each other. It is trivial 
to see that the two compositions of maps from the basic tangles are the same in cases when 
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the caps/cups are separated and affect different parts of the tensor product. Otherwise one 
uses associativity of the tensor product and the fact that J2 ®n b* = J^^'iS'N b*x. 

In the case of one box and one cap/cup the maps again affect different parts of 
the tensor product except for the following two cases (and their adjoints). 



(i) 




(ii) 



R 



R 



R 



2i+l 



2i+l 



2i+l 



2i+l 



In case (i) we may assume that there is at most one string to the left of the box since any 
other strings involve parts of the tensor product where the tangles act as the identity. Then 
the first map is R{xi (8>7v • • • ®7v Xj-i (E>Ar XjXj+i) while the second is R{xi ®n ■ ■ ■ (d)N Xi)xi+i. 
The two expressions are the same since R £ End_j\/. In (ii) we can similarly assume that 
i = 0. Then R{xiX2'S'nX30n- ■ -^nXj) = xiR{x20n xs^n • • •'SS'NXj) because R € EndM-- 
The last case to consider is that of two boxes. The only case which does not involve 
distinct parts of the tensor product is the following. 



S R 



Using the previous cases we see that the following pictures represent the same linear maps. 




S 



R 



S 



R 




S 



R 
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This completes our argument that Z{T) does not depend on the choice of standard 
picture for T and is thus also rigid isotopy invariant. For (— , A;)-tangles just add a string 
to the left and hence obtain an element of N' D Mi . Choose a standard picture for T which 
leaves this string straight up. Then the set of basic tangles which make up T cannot include 
T/i_*, TEi^^ or TS'o,*,*. But these are the only basic tangles defining maps that are not 
M— linear. Hence we have an element of M' n Mj. 

Z is thus a map from P'' to Hom(y). It is clearly an operad morphism as we have 
defined Z by composition of linear maps. The *-planar algebra property is also obvious 
from the way we have defined Z. Thus {Z, V) is a rigid *-planar algebra. It remains to 
prove that properties (1) through (6) are satisfied. 



(1) 6i = 5 because Z 



n 



Z 



Similarly 82 = S because Z 



= 5EN{n) = 5n (n G N). 
£ EndA/_A/ (L^(M)) is given by 



X = Z 



X = Z 



(2) i2k+i • ^' ^ -^2A: N' n M2fe+i is the usual inclusion map by construction (both 

{2k +1)- and {2k + 2)-boxes are defined by their action on L^(Mfc)). 

''tk+2 ■ ^' ^^2fc+i — 5- -/V' n M2k+2 involves an additional tensoring with the identity 
on the right, but by Prop [2T. 371 this just changes the representation vr^ on L^(Affc) to 
T^k+i on L^(Affc+i). Hence i^2k+2 usual inclusion. 

The result for is then immediate. 

(3) 7^ : Vj^ —7- Vj^_^-^ is the inclusion map M' Pi N' H Mk by construction. 

7j!" maps R€ N'n A4_i to id (g) at R. By Prop 12.1.371 tto+i fMi ) = 7ro(Mi) (id)®'^ 
and hence id0N R ^ M[n M^+i- 

(4) By construction stacking boxes is multiplication of the corresponding linear maps. 

(5) We want to show that Z {T Ik^k+i) Z {T Ek^k+i) = Ek- By (2) it suffices to show that 

Z{TIk 2k)Z{TEk 2k) = '^k-i{Ek)- Let x = xi 0n ■ ■ ■ 0n x^. Note that by definition 



Z{TEk,2k)x 



b^l'^Xi ® ■ ■ ■ ® Xr-\E{Xr) ® ■ ■ ■ ® x\^ k = 2r — \ 

N N N N 



Xl (g) • • • ® XrXr+1 QS> 
N N N 



(g) Xk 
N 



k = 2r 
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so that Z{TEj^ 2k) is simply 5^/"^ Em^^2^ using Proposition 12.1. 331 The map Z{TI]^ 2k) 
is the adjoint of Z{TEj^^2k)-, which is just 5^/'^ times the inclusion map. Hence 
Z{TIk^2k)Z{TEk^2k) = '5vrfc_i(efc) = 7Tk-i{Ek). 

(6) Using (5) we have 













X 

















Ek+ixEk+i = 5Ek+iEMk-i{x) = 5 Em^-A^ 



k k 

We then apply a tangle to both sides to close up the caps and cups, which simply 
yields 6^. After dividing by 6^ we obtain 











X 













(7) Let R & N' D M2k or N' D Al2k+i- Then (adding a string on the right if necessary) 



Z 



V 



R 



\ 



Z iTE2,2k+2) (id^R]Z (r/2,2fc+2) 



2k+2 



(g) • • • eg) Xk+l 
N N 



Xk+l 



Calling this element S and letting x = xi ■ ■ ■ (^n Xk+i we have 
Sx = Z {TE2 2k+2) (id O R] \ S^^/^ V b O b*xi ^ X2 

\ N J \ ^ N N 

= Z (r^2,2fc+2) ( ^'^'^ Yb(g,R (b*Xi (^X2(^---( 
V ^ N \ TV TV . 

= 5"-^ bR ( b*xi X2 ® • • • Xk+l ] 

^ \ N N N ) 



b 

which proves that S = 5Em' (R) as required. 

An immediate consequence is that E2 (idL2(jvf) R) E2 = E2 (id 0n SEm'{R)), as 
we see below. 
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Applying this to C Mj we obtain 



E[j,2j+l] [ idL2(A/,) ^ R ) ^[j,2i+l] 



^[i,2i+i] 



id 



L2(M,) 



AT 



(2i 



where E\ 



is one of the (scaled) multi-step Jones projections from Theorem l2.1.251 



Multiplying out the expression defining -Ey,2j+i] iii terms of E'j's we obtain 



El 



[i,2j+i] 



j+i j+i 

Writing a thick string for j + 1 regular strings, equation (j2.8|) yields 





+1 




and hence 



n 




which completes the proof of (7). 

The proof of uniqueness is exactly the same as that in Jones |16] 4.2.1. The only difference 
is that our property (4) is not required by Jones because it is built into his axioms. 

□ 
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Remark 2.2.23. The method of proof in (7) yields more general results. In fact any 
equation involving diagrams that holds for a general finite index subfactor will also hold 
with thick strings (i.e. multiple strings) in place of regular strings. Let us loosely describe 
the procedure. By introducing extra caps and cups at top and bottom and by inserting 
additional closed loops we may assume that any tangle has a standard form made up of 
shifted boxes, TS, and Temperly-Lieb tangles. Note that the process of inserting closed 
loops can be accommodated simply by dividing by 6 and addition of caps/cups at top and 
bottom can be inverted by applying an annular tangle to turn these into closed loops. 

We can thus write an equivalent equation in terms of shifts (i.e. tensoring with 
the identity) and Jones projections, with no reference to tangles. Applying this to C Mj 
we can then convert back to an equation in terms of tangles, but a shift by 2 becomes a 
shift by 2j and the Jones projections are 




k(j+i) j+i 
We thus obtain the result for thick strings. 

Proposition 2.2.24. For R e N' n M2k+i = V^f.^^, 

where Sk on L^(Mfc) is the (in general unbounded) operator defined byx^x*. 
Proof. For A; = 



J^^{R)x = Z 



R 



X = Z 



^x®R{b) ®b* 
4^ N In 



YEN{xR{b))b*. 



Now for any R = ce^d E Mi, 

^ En {xR{b)) b* = YEn {xcEn {db)) b* = EN{xc)d = (r*x* ] = SoR*Sox. 



b b 

Hence J^^iR) = SoR*So. bmce we also have J2{R) = SqR*Sq. The general result 

follows, as described in the previous remark, by amplifying to the j-string case. □ 
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Remark 2.2.25. This extends the result of Bisch and Jones g] Prop 3.3 that J{R) = JR*J 
in the finite index extremal IIi case. 



Corollary 2.2.26. The shift map is also given by 

sh{R) = J2k+^J2k+2{R) = Sk+i (SkRSk) Sk+i, 
Proof. The first equality follows from 




ReN'nM2k+i. 



R 



and the second is then immediate by Prop I2.2.24[ 

Finally we show that our two definitions of the rotation agree. 



□ 



Lemma 2.2.27. The rotation defined in Corollary \2.2.19\ agrees, in the case of a rigid 
C*-planar algebra coming from a finite index subfactor, with that in Definition \2.1.^1\ 

Proof. Simply draw the appropriate tangle for 5'^EMk{'^k+iEM'{xvk+i))- First note that Vk 
is given by 



and hence 




{vk+iEw {xvk+i)) 




□ 
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2.2.3 Modular structure 

Let {Z^, V) be a rigid C*-planar algebra. We will extend Z to the full planar operad P. Let 
T be a /c-tangle with internal discs Di,. . . ,Dn- Take any planar isotopy ht taking T to a 
rigid planar A;-tangle Tq. Let 9i be the amount of rotation of Di under ht- Define 

Proposition 2.2.28. Z(T) is independent of the choice of h andT^. 

Proof. We use the same argument as in Jones |16| . We can surround each internal disc Di 
with a larger disc Di such that for all t G [0, 1] the images of these larger discs under ht 
are disjoint and do not intersect any closed strings. Let Xi be the center of Di. Then there 
exists r > such that D{ht{xi),r) C ht{Di)° for all t. Define a rigid planar isotopy g in 
three steps 

1. Radially shrink Di to D{xi,r) while keeping ]R^\Z)? fixed. 

2. Take ht on M?\D° and translation by ht{xi) —Xi on D{xi,r) and interpolate in any way 

in between. 

3. Radially expand D{xi,r) + /ii(xj) — Xi to /ii(Z)j) while keeping M?\hi{Di)° fixed. 

Then Z'' (^g^^iTo)) = Z^'(To), so following h with g^^ we may assume without loss of 
generality that h is the identity outside Df. 

Suppose we have another such isotopy h taking T to a rigid planar tangle Tq. 
Then the rotation of Di under h is 6i = 9i + 27r/j for some li G Z. 

h~^ followed by is a planar isotopy taking Tq to Tq that is the identity outside 
D^ and that rotates Di by 27r/j. The mapping class group of diffeomorphisms of the annulus 
that are the identity on the boundary is generated by a single Dehn twist of 27r. Hence the 
difference between Tq and Tq is A'/ , n inside Di, so 

Tq = ((To o, A;;^^ ,^)) o, A;^^^ ,^)) . . . o„ Aj;^ 

Z^(To) = (Z^(To))o(A5^^^^,^^g...^A;;^^,^)) 

and hence 

z^To) (a-^;/^;(.o ^ • • • ^ A-::ii] (.„)) = z^(To) (A;-jf(.o I . . . ^ a;;:J/-(..)) 
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□ 



Remark 2.2.29. Now that Z is well-defined, considering any two tangles T and Tq con- 
nected by a planar isotopy that rotates the internal disc Dj by ^j, we have 



Z{T) VI 



The extended map Z is a mapping the set of all planar /c-tangles, modulo rigid 
planar isotopy, to Hom(y). We still need to establish that Z is an operad morphism. 

Proposition 2.2.30. For r G M, 



-ei/27r 



^{a„k,)) ^'^^'^ i^i'T^M))'' it suffices to prove 



>r-/2 



Proof. Since (A(^^^fc^))'^ (^(a^fc,)) 

the result for T G P"'. Recall that (A(^^^fc.))'' = (2:(a,,fc,)) ''^^ ( • ) (^(f7,,fc,))'^'^ and hence it 
suffices to check the result for basic tangles, with A*" replaced by (-Z(o- fc)) ( • ) {z(^a.j)) 
for a (o", j, A;)-tangle. Assume that a = +. Recall that Zk = wi ■ ■ ■ Wk and that the u^j's 
commute, so zf, = wf - ■ ■ wl. Let s = r/2. Then 



^ — S rpj s 



-s — s 



■UJ * 'li) * 



■UJ * 'lil * 
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so -^p+2^-^2i-i,p-Zp = Tl2i-i^p and similarly Zp^2'^^2i,pZp = Tl2i^p. Taking adjoints gives the 
result for TEj^^p. For TS^^i^p the result is trivial. The result for (— , /c)-tangles follows by 
symmetry. □ 

Corollary 2.2.31. Z is an operad morphism: Z {S Oj T) = Z{S) Oj Z{T). 

Definition 2.2.32. We call the map Z the modular extension of the rigid planar algebra 
[Z\V). 

Remark 2.2.33. The modular extension (Z, V) is not a planar algebra because tangles 
that are planar isotopy equivalent need not define the same linear maps, but the difference 
comes down to rotations of the interior discs and is thus controlled by the modular operators 
A. In turn all the modular operators are controlled by w, the Radon-Nikodym derivative 
of if with respect to if' on . 

Corollary 2.2.34. If ip is tracial (for example in the case of (^Z^^'^''^'^\V^^'^'^'-^^) for a 
finite index IIi sub factor with trace-preserving conditional expectation E) then A = 1, is 
tracial and Z is invariant under full planar isotopy so that we have a true planar algebra 
structure on the standard invariant. 

2.2 A Ftom rigid to spherical and back again 

From a rigid C*-planar algebra we have seen how to form the modular extension where we 
are allowed to rotate the boxes in a tangle but must pay a price in terms of A for doing so. 
We will now see how to modify Z to obtain a spherical C*-planar algebra. 

Let {Z^,V) be a rigid C*-planar algebra, {Z,V) its modular extension. Given a 
planar tangle T and a string s : [0, 1] — t- in T define Q{s) to be the total angle along s, 
with s parameterized so that s bounds a black region on its right. Q{s) may be computed 
as Q{s) = where ((>{t) is the angle at s{t), or as 0(s) = Kdl where L is the length 

of the curve, k the curvature and dl the length element. For example the string below has 

e(s) = TT. 
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For a planar tangle T presented using boxes, define a spherically averaged tangle /-f(T) to 
be a tangle obtained from T as follows: on every string s insert a (+, l)-box containing 
^-e(s)/47r^ Then define Z'^p'^ : P ^ Hom(y) by Z^P^(r) = Z{fi{T)). 

Note that /i(T) is not unique, but T i— )• Z{n{T)) is well-defined because the position 
of the inserted (+, l)-box does not affect Z{fj,{T)). To see this observe that moving the box 
along the string may change the angle of the box by some amount 6, but 

Remark 2.2.35. Note that it is important that we use boxes rather than discs at this 
point. If we defined Z^^^ as above, but used discs rather than boxes, we would introduce a 
multitude of complications. For example the multiplication tangle would be different under 
Z^^^ and would not be invariant under the standard embeddings of Vi in l^+i. Of course 
we could formulate a definition in terms of discs, the essence of which would be using not 
@{s) but the difference between Q{s) and what it "ought to be" for a string joining those 
two points, but the book-keeping is much cleaner with boxes. 

Theorem 2.2.36. {Z''p^,V) is a spherical C* -planar algebra with d^'^^ = X6 where A = 

Proof. Z^^^ is invariant under rigid planar isotopy since the total angle along a string does 
not change under rigid planar isotopy. If the initial angle is ^init and the final angle is Oa^ 
then the total angle is — ^init + 27rZ for some / G Z. Under a rigid isotopy ^init and ^fin 
are constant. Since the total angle must vary continuously under isotopy, the total angle 
must also be constant. 

Z^^^ is an operad morphism because, when we compose tangles T and S to form 
Toj 5, the total angle is additive for strings from T and S that meet at dDi to form a single 
string in T o,j 5. Multiplying powers of w is of course also additive in the exponent. It is 
worth noting at this point that we are using the fact that strings meet discs normally. 

|-^sph^ is in fact a rigid planar *-algebra. Reflection changes orientation and in 
doing so reverses the direction in which the string is parameterized, but each of these two 
changes multiplies the total angle by —1, so there no net change to the total angle. 

Let X eV^. Then 
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V J 



z 



1 

10 2 





<^'iw-^/^x) = <^{w^/^x) 



Thus ^'^P^ = ($^Ph)' and so = $^p^(1) = ($^p^)'(1) = In addition all 
Radon- Nikodym derivatives are 1, A = 1 and ip^^^ is tracial. Tr = ^>*'p'^ is positive definite 
because 



Ti{x*x) = Z 



\ 



( 



1 



X x 



Z 



1 



X X 



\ 



1 



\ 



$ {w^/'^x*xw^/^), 



/ 



where we have used the fact that w"^ can move along strings without changing Z. Note that 
Tr(x*x) = iff xw ' = iff X = 0. Hence (Z"p^, V) is a spherical C*-planar algebra. 

Finally note that (5"p^ = ^>^p^(1) = <l>{w^/^) = 6^{w^/^) = X5. □ 

Corollary 2.2.37. Let {N,M,E) be a finite index suhfactor. Then there exists an extremal 
III suhfactor N C M with a lattice of higher relative commutants that is algebraically 
isomorphic to that of (N, M, E) ( although of course the conditional expectations and Jones 
projections may differ). 
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Proof. Let (Z, V) be the rigid planar algebra constructed on the standard invariant of 
{N,M,E). Then apply Popa [28] in the form of Jones [l6] Theorem 4.3.1 to {Z''p^,V) to 
obtain the extremal IIi subfactor N C M. □ 

Remark 2.2.38. It is well known that, algebraically (i.e. without reference to the condi- 
tional expectations), all standard invariants of finite index subfactors can be realized using 
III subfactors. One can tensor N C M with a IIIi factor (this leaves the standard invariant 
the same) to obtain a IIIi subfactor. Taking the crossed product with the modular group 
one obtains a finite index inclusion of IIqo factors that splits as a IIi subfactor tensored 
with a loo factor. Izumi [12] shows that this type II inclusion has the same principal graph, 
and hence the same algebraic standard invariant, as the original IIIi inclusion. We thank 
Dietmar Bisch for bringing this to our attention. 

Remarks 2.2.39. The idea of the construction of Z^^^ is to insert powers of w to cancel 
the effects of rotations (implemented by A). One might ask what would happen to a (non- 
spherical) C*-planar algebra under this procedure, since A = 1 and we already have full 
planar isotopy invariance. Certainly we change the action of tangles, but the only additional 
isotopy invariance we gain is the ability to move strings past the point at infinity. Let us 
examine the effects of isotopy on Z'^p'^ in this case. 

Suppose we rotate a box labeled with x by an angle 9. The change in total angle 
for the upper strings is the negative of the corresponding change for the lower strings. 




Hence there is no change in x because z^. "^xzj^ = x (since Zk is central in Vfc). 

Considering strings alone, rigid planar isotopies to not change the total angle. 
Only spherical isotopy moving a string past the point at infinity can change the total angle. 
For example 




27r -2tt 
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The total angle changes by —Air, so the difference in is the insertion of an additional 
which we know is the necessary correction to change ip' to ip. 

We can reverse the construction of (Z'^^^jVjW) from {Z,V) as we see below. 
Note that in (Z"p^,T/,w) we have tr{w^/^) = X-^ip' (vj-^/^w^/^) = A"^ and tr(u;-i/2) = 

Theorem 2.2.40. Let [Z, V) be a spherical C* -planar algebra with modulus S'^^^ and let w 
be a positive, invertible element ofV^ with ti{w^^'^) = ii{w~^^'^) = A^"*^. 

For a planar tangle T define the v{T) to be the tangle obtained from T as follows: 
on every string s insert a (+, l)-box containing w'^^^'^^^^ . Define Z^"^ : — t- Hom(y) by 
Z™°*^(r) = Z[v{T)). Let Z^^^^'^ be the restriction of Z^^°^ to rigid planar tangles. 

Then (Z"^^'^, V) is a rigid C* -planar algebra with u'"^^'^ = w and 5 = \5'^^^. 

Proof. Note that the position of the inserted (+, l)-box on a string does not affect Z because 
(Z, V) is spherical. As in the proof of Theorem 12 . 2 . 36 1 we have: (i) rigid planar isotopy does 
not change the total angle along a string; (ii) the total angle is additive under composition; 
(iii) the total angle in invariant under reflection. Hence [Z^^^^^, V) is a rigid *-planar algebra. 

Let Tr = $(^'^) and tr = (^(^'^). As in Theorem [2X36] ^"^''^(x) = Tt{w~^/^x) 
which is positive definite and 5'^^'"^ = = Tyi{w-^'^x) = 5^^Ht{w-^I^) = A-IJ'^p'^. 

Similarly S'^^'"^ = 5^'^Hx{w^/'^) = X-^d""^^. 

Finally, ($"8'^)' {x) = Tr(u'i/2x) = T^{w~^/'^{wx)) = ^"^"^{wx) so w""'^"^ = w. □ 

Remarks 2.2.41. The condition tr(u;"'^/^) = tr('u;~"'^/^) is only used to make sure that 
jrigid _ jrigid^ Given any positive invertible w in we can scale w by tr(tt;~^/^)/tr(tt;^/^) 
to obtain w with ti(W^^'^) = ti(W~^^'^). 

The two constructions {Z,V) ^ {Z''p'^,V,w) and iZ,V,w) ^ are obvi- 

ously inverse to each other. 

2.2.5 Planar algebras give subfactors 

Consider the two main results of the previous section. Starting with a rigid C*-planar alge- 
bra {Z^',V) we can construct the associated spherical C*-planar algebra {Z^^^,V,w) with 
distinguished element w and then construct the rigid C*-planar algebra m Z'^p^)"^"^ , 1/ j . 
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This two part construction simply reproduces {Z^,V). By Popa's standard lattice re- 
sult [28], applied in Jones [16] Theorem 4.3.1, there exists a subfactor with standard in- 
variant {Z'^^^, V). If we can "lift" the second part of the planar algebra construction to the 
subfactor level then we will have a subfactor with (^z^n,m,e) ^y{n,m,e)^ ^ (Z^ V'). 



{N,M,E, 



tr— preserving^ 



(iV,M,?) 



{Z',V) 



w 



{Z',V) 



Theorem 2.2.42. Let {Z,V) be a rigid C* -planar algebra. Then there exists a finite index 
III subfactor {N,M,E) such that (Z^^'*^'^), = {Z,V). In other words, there exists an 
isomorphism ^ : V ^ yi^,M,E) gy^^-j^ ^/^^^ X , 



((Tl.fcl) 



^(,,„,)oZ(r). 



Proof As noted in the discussion preceding the statement of the theorem, we can assume that 
we have an extremal, finite-index IIi subfactor N C M giving rise to the associated spher- 
ical C*-planar algebra {Z,V) = (^Z^^'^'^'^^\v'^^'^^'^^'>') , where Em is the trace-preserving 
conditional expectation. We also have a positive, invertible element w ^ N' r\M = sat- 
isfying tr(tt;-'^/^) = ti{w^^/'^) = for some A > 0. We want to show that the rigid planar 
algebra {Z^,V) constructed using Theorem 12.2.401 can be realized as 
for some new conditional expectation E : M ^ N . 

Let Wi denote the Radon-Nikodym derivatives in (Z'^,V). From Theorem 12.2.401 
wi = w. Recall from Lemma |2.2. 141 that 



W2 = Z^ 



\ ( 



\ 



( 



Z 



I \ 



where we have used the fact that the extra w and w^l^ terms, involved in going from 
Z"^ to Z, will cancel. 



58 




W2i+1 



2i+l 



By Proposition [22231 for R £ N' n Khk 



+1 









\ 




( 


1 




\ 


J2k+2{R) — Z 






R 






= Z 








* 






\ 








V 


1 




/ 



JkR*Jk 



where the thick string as usual represents 2k + 2 regular strings. So, with R = w ^ ov w ^ 
and suppressing mention of Z, 

(vw 



Jk-lWj^ ^Jk-l = J 



R 



\ 



2k 



k + 1 2k 



R 



Wk+l 



k+ 1 



2k 



Lemma 2.2.43. Let N C M he a IIi subf actor with index [M : N] = (5"?^^)^ and let 
wi = w £ N' D M he a positive invertihle element with tr (it;-*^/^) = tr = A~^, for 

some A > 0. Let denote the trace-preserving conditional expectation from M onto N 
and define E : M ^ N by 

E{x) = \En (w~^/^x^ . 

Then E is a conditional expectation with Ind(i5^) = 5"^ , where 5 = A~"^5*^p'^. 

Take the state Tp = ix on N and extend it to M by Tp o E = Atr {w~^^'^ ■ ) . For 
X £ M write x for the standard action on L^(Af, tr) by left multiplication. Write 7r{x) 
for the action on L^(M, by left multiplication. Let ei be the projection in B(L'^{M,'ip)) 
given by E. Let Mi denote the result of the basic construction applied to {N,M,E), i.e. 
Ml = Jo7r(iV)'Jo = 7r(M)ei7r(M). 
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Then there exists a unitary operator U : L^(M, tr) — )■ L^(M, ^) such that 

(1) tt{x) = UxU*. 

(2) U*MiU = Ml. 

(3) U*Em^ {U ■ U*)U = XEm (w^^^"^ ■ y where W2 = J\,i{M,tT)W'^ Jh■^{M,tr)■ 
Proof. Note that for any y £ N' Ci M, E]\f{xy) = E]\f{yx) because for all n G 

{xy,n) = {x,ny*) = {x,y*n) = {yx,n) . 

Thus E{x) = XEi\f = XEj\f (^w~^^'^xw~^^'^) is positive. E is A^-linear on the left 

and the right, and E{1) = \En{w~^/'^) = Atr(t(;~^/^) = 1. Hence is a conditional 
expectation. 

Take tr as the state on N . Then the state ^ on M is 

^(x) = tr (^(x)) = Atr {En{w-^/'^x)^ = Xiv{w-^/'^x). 

Define the unitary operator U : L^(M, tr) — t- L^(M, (^) by defining a bijection from 
M to M by a; I—)- X~^^'^xw^^^ and noting that this map is isometric 

\\X~'/\w'/XHAm = {w'^'x*xw'/^) = tr (w~'/'w'/^x*xw'/^) 

— tl'(x*x) = |k||L2(A,/,tr)- 

Observe that U* = : x ^ A^/^xw"^/^ and UxU* = 7r(x) for x G M. Also, 

U*eiU : X ^ X^/^E [x-^/^xw^I') w'^'^ 
= w-^l'E [xw^/') 
= Xw-^/^Em {w-^/^xw^/") 
= Xw~'I^En (w-^I^x) , 

so U*eiU = Xw~^^^eiw~^^'^ . Thus, if {b} be a basis for M over N with respect to Ej\f, then 
b = X^^/'^bw^^^ is a basis for M over with respect to E. Now let us compute the index 
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of E. Using Lemma 12.1.201 



Ind(^) = E \l) = E ^ [Y^beib*) = ^ (o'' (b,b 



Now Ml = 7r(M)ei7r(M) so 

U*MiU = iT{M)U*eiUTT{M) = M (^A^-^/^eiw"^/^) M = MeiM = Mi. 
To show (3) note that for a,b M, E]^.j[aeib) = -^ab and 

XEm (w~^^^ {U*aeibU)^ = X^Em (w'^^^w'^^^ei^ w'^^^ 



X^EMiaw-^l'eiw"''^ 



w 



-1/45 



where we have used the fact that W2 G M' n Mi to write Em {w^ ■ ) = Em ( • 
Now 

fr^ ^ — ^\ 



Em eiw. 



-1/2 



((5sph)' 










1 









So 



XEm (w-'^\u*aeibU)^ = (^-^^ aw-^/W/^w~^/% = ^ab. 



□ 



Lemma l2 . 2 . 43 1 say s that we have an isomorphism of the (short) towers which fixes 
M and is given by 
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iV C M _C Ml 

E Enj 



via U* ■ U 



N C M C _ Ml 

E (Em) 



(Em) is obtained from M C Mi and W2 = Jo^'i ^Jo ^-s in the first part of the Lemma, 
i.e. (Em) (x) = XEm (^^2 ^^'^xj. We thus have the following immediate corollary. 



Corollary 2.2 AA. There exists an isomorphism of towers E : {Afj}j>_i — )• {Afi}j>_i such 
that 

1. '■ Mi — )• Mi is a *-algebra isomorphism. 



<S o o £: ^ = XEm, [Wi+i • j w/iere wi = w, Wi+i = Ji-iw- Jj_i. 

Proof. By Lemma [2.2.43l we have isomorphism up to i = 1 given by £i = U* ■ U. Suppose we 
have such an isomorphism £i at level i. Recalling that the basic construction is independent 
of the state, take the state <f) = tr o £i on Mi-i. Then 



(Mi_i» _C Mi 



via Si 



(Mi_i,tr) C _ Mi 



So £i extends to an isomorphism £f of the basic constructions. Combining this with 
Lemma 12.2.431 we have 
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iM,_i,4>) _C Mi _C M 



i+1 



via £^ 



cxt 



(Mi_i,tr) C Mi C B 



via U*^-^ ■ Ui+i 



Mi^i C Mi C _ Mi+i 



So we let £i+i = KA{U*j^i) o £f^^ and note that ifj+i restricts to £i on Mj. i5 is just the 
direct limit of the Si's. □ 

Restrict £: to iV' n Mj to obtain an isomorphism ^ : YiN,M,EN) = y_ 

Let Z be defined by 



z{T) = ^ o (zw^'^)(r)) o (^-;^^,^^ ... 



We want to show that Z is just the rigid C*-planar algebra . By the uniqueness part of 
Theorem 12 . 2 . 201 it suffices to check that properties (4) through (7) are true. Property (4) is 
obvious because ^ is an algebra isomorphism and the multiplication tangles are unchanged 
by the constructions of Section I2.2.4[ 

Before proving the other properties, consider the Radon-Nikodym derivatives. On 
N' <r^M,Jp = ^ = Atr iw^^/"^ ■ ) . Meanwhile 



'^'"'y A-^i?' (w^l^xw^/^) = XE' (w^l^x) (2.9) 



so that ^'(x) = Atr' [w^^'^x) = Atr [w'^^'^x^ and hence w^-^'^^'-^^ = w. 

Similarly, using part 2 of Corollary 12.2.441 and the construction of a basis in 
Lemma l2.2.43( we obtain ^ (w\f^'^^'^^] = Wk- Thus the Radon-Nikodym derivatives for Z 



are the same as those for Z"^. Now 
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(5) Consider k odd (for k even just use w in place of w in the second diagram). 



Z 



sph 



V 



\ / 

= z 



1 



1 



k k + l 



k k + l 



(6) Consider k even (for k odd use w in place of w in the second diagram). 



Z 



sph 













X 













z 



1 



using Corollarv 12.2.441 part 2. 



(7) 



sph 



V 













X 














= 6''P'^E'{x) 

using equation (|2.9|) in the third line. Hence Z = Z^ and ^' is an isomorphism of 

(Z^y) with (zWA-^'^),l^WAf,B))_ 

□ 
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2.3 Finite index IIi subfactors 

Here we consider the case of a finite index IIi subfactor N C M with the unique trace 
preserving conditional expectation En- Recall, 

Definition 2.3.1 (Extremal). A finite index IIi subfactor C Af is called extremal if 
the unique traces tr' and tr on N' and M respectively coincide on N' D M (where N' is 
calculated on any Hilbert space on which M acts with finite M-dimension) . 

Remark 2.3.2. Note that in particular an irreducible finite index IIi subfactor {N' HM = 
C) is extremal. In [23| and [25] Pimsner and Popa show that if C M is extremal then 
tr' = tr on all N' n Mi. 

We will show that the two rotations defined in Huang [11] are the same if and only 
if the subfactor is extremal, and illuminate the connection between these two rotations in 
the general case. Our approach will yield a new proof of the periodicity of the rotation and 
provide the correct formulation to generalize to the infinite index IIi case in Chapter [3j 

Motivated by the relationship between the two rotations, we produce a two- 
parameter family of rotations. We conclude with a collection of results on general finite 
index IIi subfactors including a new proof of some of Pimsner and Popa's characterizations 
of extremality in |24j . 

2.3.1 Huang's two rotations for a nonextremal IIi subfactor 

In [11] Huang defines two rotations on the standard invariant of a finite index IIi subfactor, 
shows that each is periodic and conjectures that the two are equal. One is the rotation pk 
defined in 12.1.411 The other is defined as follows: 

Definition 2.3.3. Define pk ■ N' Mk by defining its action on basic tensors 

X = xi ® X2 (i) ■ ■ ■ (i) Xk+i as 

N N N 



where Pc is the orthogonal projection onto the A^-central vectors in L^(Mfc,tr), which is 
just the finite dimensional subspace A^' H Mk- Pc above could thus be replaced by En'^m^-: 
the unique trace- preserving conditional expectation from (Mfc,tr) to (A^' n Mfc,tr). 




(2.10) 
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Remark 2.3.4. In the extremal case Jones jl6j shows that p = p and periodicity of p 
follows from that of p. As we have already mentioned, in the nonextremal case Huang 
shows that p and p are periodic. 

We begin by formulating another equivalent definition of the rotation p. 

Lemma 2.3.5. For x e N' n Mk, 

{Pk{x)) = ^ Rb* {Lb*)* X, 

b£B 

where Lb, Rb ■.L'^{Mk-i,tr) ^L'^{Mk,tT) hy Lbi = h®N i and Rb^, = C ®Nb. 
Proof. FromEXTH (Lb)* (c^at r/) = {Lb)* L^v = EN{b*c)r] (for r] G L^{Mk^i)). Hence 
Pk{x) = y y (bxf^) xf ®xf O 6* 

beB I 

= ^Rb* {Lb*)* X. 
beB 



□ 

Proposition 2.3.6. For all x G N' D M/, and for all yt E M, 

Pk{x),yi (8) 2/2 (8) • • • (8) yk+i ) = (x, yk+i <^yi<^ ■ ■ ■ <^yk 

N N N / \ N N N 

where the inner product is that on L^(Mfc,tr). 
Proof. 

{Pk{x),y) = y {x,Lb* {Rb*)*y) = y^(x,b*(g)yi0-- ■ ®ykEN{yk+ib) 

, , \ N N N I 

b b 

= {xEN{yk+ib)*,b* 0yi0 ■ ■ ■ 0yk) = y^(EN{yk+ib)*x,b* ®yi®---®yk 

^ \ N N N ^ \ N N N 

b b 

= {x,EN{yk+ib)b* yi ■ ■ ■ (S) yk) = {x,yk+i <^ yi fS) ■ ■ ■ (S) yk) ■ 

^ \ N N N / \ N N N / 

□ 

Corollary 2.3.7. pk is periodic, {pk)^~^^ = id. On L^{N' n Mk,tv) pk = (p^^)* (and hence 
Pk is also periodic, {pk)^^^ = idj. 
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Corollary 2.3.8. po = Po = id and for k > 1 andy G N'nMk, Pk{y) = Pk{y)zi = Pk{zi ^y) 
(recall zi is the Radon- Nikodym derivative o/tr' with respect to tr on N' D Mi, so tr'{x) = 
tr:{zix) for all x £ N' n Mi). 

Proof Prop I2.3.6] implies that {pk{x*))* = p^^ix) for x £ N' n Mfc. To see this note that 
for y = yi (g)Ar • • • (g)Ar yfc+1, 



{Pkix*)*,y) = (y*k+i^y*k^---^y*i,Pkix*)) = ( 2/1* ® y^+i ® • • • ^ 2/2, 

\ N N N / \ N N N 



X 



a;, 2/2 Cj? • 

N N 

Let y £ N' f] Mk- Then, writing a thick string to represent k — 1 regular strings, 

6^+hiix*pkiy)) = 5'+' {My),x) = 5^+^ {y,Pk\x)) = 5^+^ {y, ipkix*))*) 
= 6''+hT{pk{x*)y) 






5^+hi{x*pk{y)zi) 



5''+hv{x*pk{z^\)) 



Hence pk{y) = Pk{y)zi = pk{z^ ^y)- 



□ 
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2.3.2 A two-parameter family of rotations 

In fact we can extend the relationship between p and p to define a two-parameter family of 
rotations (periodic automorphisms of the linear space N' n of period k + 1). 

Definition 2.3.9. For r, s G M define p^"'*^ : N' n iV4 N' f] Mj, by 

p'j[''\x) = wl_2^kPk{x)w'_i^^ 

where (recall) Wij is the Radon-Nikodym derivative of tr' with respect to tr on n Mj. 

Proposition 2.3.10. (^Pk^^^Y^^ = id. 

Proof . 

First note that for k odd (so an even number of strings) , 




For k even just switch w"^ and (resp. w~^' and w~'^). 

We could describe by saying that every time we pull a string down on the 
left-hand side we put or (whichever makes sense) on the end of the string away from 
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the central box, or alternatively or w~'^ at the end of the strmg near the box. On the 
right-hand side we put w'^ or w^' on the end of the string away from the box, or alternatively 
w""^ or at the end of the string near the box. 

[Pk I ^^^^ P^^^ every string through a full counter-clockwise rotation back to 
its starting point and every string will pick up two boxes with powers of w. We obtain the 
following 






W W 



w w w w 



r—s s—r 



where the last line uses the fact that is central. 



2.3.3 Additional results on finite index IIi subfactors 

Lemma 2.3.11. E^'f^Mii^i) = where -EjvfnMi is the unique tr-preserving conditional 
expectation onto M' Mi and wi is the Radon- Nikodym derivative of tr' with respect to tr 
on M' n Ml . 

Proof. For x G M' n Mi 

tr(eix) = tr'(JoeixJo) = tv' [eiJ^xJo) 

= ii'{eiEN{JQxJo)) = tr'(eitr(JoxJo)) 
= tr'(ei)tr'(x) = Ttr(tt;ix) 

□ 

Proposition 2.3.12. Let N C M be a finite index IIi suhfactor. Then the following are 
equivalent: 
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(i) N CM is extremal (ii = tr' on N' r\M) 
(a) tr = tr' on all N' n Mk 

(Hi) EM'nMii^i) = T where EmtiMi the unique tic -preserving conditional expectation 
onto M' n Ml . 

(iv) pk = Pk for all k > 

(v) Pk = Pk for some k>l 

Proof. The equivalence of (i) and (ii) is proved in Pimsner-Popa |24] , but follows easily from 
our knowledge of Radon-Nikodym derivatives. C M is extremal iff tr = tr' on A^' n M, 
iff zq = Wo = 1, iff 2fc = 1 for all A; > (by Lemma I2.2.14p . iff tr = tr' on all N' n Mfe. 
Equivalence with (iii) follows from the preceding corollary. 

If C M is extremal then zi = 1 and p = p. If pk = Pk = Pki')^! then, since 
Pk : N' n Mk — 7- A^' n Mfc is periodic and hence surjective, z\ = \ and hence A^ C M is 
extremal. □ 

1/2 1/2 

Proposition 2.3.13. For j > 1 letci = CiW- . Then {ii} are also Jones projections 

and £'jv//nA/^(ei) = r (tr -preserving conditional expectation). 

Proof. We need to check that e? = Cj, that eiei±iei = rcj and [ei,ej] = for \i — j\ > 1. 
With the tools we have developed this could be done simply by drawing the appropriate 
tangles, but can be obtained with a little more insight as we see below. 

Applying the construction of the spherical C*-planar algebra in Section 12.2.41 we 
obtain new Jones projections ej = \~^'u^-\ejW^^\ = X~^w 
jjsph _ where A = ti{w^^^). For example 



= Z 



^sph 



m 


















1 

W i 











\ 



^sph 



ejWj with 6 changed to 



2-sph 
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so El = w^^^Eiw^^'^ = w ^/'^Eiw '^1^ ^ which we could also write as E\ = w\ Eiw\ = 

-1/4 -1/4 
W2 E1W2 

We have produced a spherical C*-planar algebra {Z^^^, V, w) with distinguished 
element w. Take instead the triple {Z^^^, V,w^^) and apply the construction of a rigid C*- 
planar algebra in Theorem 12.2.401 to obtain (Z, V) (in fact an ordinary C*-planar algebra). 
Then, using the fact that tr {{w-^y/"^) = tr {w^^^^) = tr {w^^^) = X, 

and the Jones projections Cj are those given above. Also note that 6 = X~^6^^^ = 6 so that 

T = T. 

Finally, for all x G M' D Mi 

tr(eix) = tr(ei«;^ ^^'^xw^ ^^'^) = tT{eixw^^) 

= ti' {eiJoxJoJow^^ Jo) = tr'(ei JqxJo'Wo) 
= tr'(ei£'Ar(JoxJoi«o)) = tr'(eitr( JoxJo-^o)) 
= tr'(ei)tr'( JqxJo) = rtr(x). 

and hence EM'tiMii^i) = t- D 

Remark 2.3.14. By changing w to in the triple (Z'^^^jVjw) and then constructing 
{Z, V) we have essentially switched the roles of tr and tr'. 

This is more than just an interesting trick. We can do the same thing for any 
C*-planar algebra. Because the trace preserving conditional expectation onto Vi^2 of ei is a 
scalar (a property that ei does not possess) one can show that, even in the nonextremal case, 
the horizontal limit algebras constructed from a A-lattice in Popa [28] form a tunnel with 
index and the proof in [28] is valid in general, with a small number of modifications. 

These sort of ideas appear in a small part of [29] where Popa refines his axioma- 
tization of the standard invariant of a finite index IIi subfactor in terms of A-lattices. See 
Lemma 1.6 where the element a' is nothing other than the Radon-Nikodym derivative w 
and the conditional expectations constructed are simply those in (Z, V). 
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Chapter 3 

Infinite Index Subfactors of Type II 

Most the literature on subfactors is concerned with finite index subfactors, par- 
ticularly III extremal subfactors. The study of infinite index subfactors really began with 
Herman and Ocneanu [10]. The results that they announced were proved and expanded 
upon by Enock and Nest [8], where the basic results for infinite index subfactors are laid 
down, although the main purpose of their paper is to characterize the subfactors arising as 
cross-products by Kac algebras of discrete or compact type. 

We begin in Section 13.11 with some background material on Hilbert-module bases 
before giving a summary of results from Enock and Nest [8] on the basic construction. 

In Section 13.21 we exploit the additional structure present for an infinite index 
inclusion of IIi factors to develop computational tools based on the fc-fold relative tensor 
product of M that sits densely in Mfc_i. 

After defining extremality and showing that our definition possesses the usual prop- 
erties in Section 13.3.11 followed by a brief diversion into A^-central vectors in Section 13.3.21 
we are ready for the main results. Motivated by the finite index case we define the rotation 
operators on the A^-central vectors in L^(Mfc) in Section 13.3.31 and in Section 13.3.41 show 
that the rotations exist iff the subfactor is approximately extremal. 

Cross products by outer actions of an infinite discrete groups are extremal and 
provide the simplest examples. The restriction to the L^-spaces avoids the sort of patholo- 
gies that we see in Section 13.41 However, as the example of Izumi, Longo and Popa [13] 
shows, there exist irreducible subfactors which are not approximately extremal. Future 
work involves defining a rotation on a certain subspace of N' D Mj. for any infinite index IIi 
subfactor. 
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3.1 Background on Infinite Index Subfactors 

We will make heavy use of the material on operator-valued weights, Hilbert ^-modules 
and relative tensor products described in Sections 12.1.11 and 12.1.21 The reader is advised 
to reacquaint themself with those sections before proceeding. In this section we add some 
additional results about bases before introducing the basic construction, where we mostly 
follow Enock and Nest [8]. They consider arbitrary inclusions of factors equipped with 
normal faithful semifinite (n.f.s.) weights. We will generally stick to inclusions P C Q of 
arbitrary type II factors, with traces Trp and Trg respectively. 

3.1.1 Bases 

Definition 3.1.1. An XH-hasis is a set {^j} C D{aT~{-) such that 

i 

An TiA-basis is {^j} C D{J-La) such that 

i 

A T-La- (resp. AT~i-) basis is called orthogonal if L{S^i)L{S^i)* (resp. are pairwise 

orthogonal projections. Equivalently: L{^i)* L{^j) = 5ijPi (resp. R{^i)*R{^j) = 6ijPi) for 
some projections pi £ A. If = 1 for all i we say that the basis is orthonormal. 

Remark 3.1.2. The existence of an ^?^-basis or an 7^^-basis is proved by Connes, Prop 3(c) 
of [6]. Given a conjugate- linear isometric involution J on JAJ is isomorphic to A°^, so 
that Ti has a natural right-Hilbert- A- module structure, which we will denote Ha- In this 
case, if {^j} is an aT~{- (resp. Ha-) basis then {J^i} is an TIa- (resp. aT~{--) basis. 

Lemma 3.1.3. Let Q be a type II factor represented on a Hilbert space %. Let ^ G D{qT-L) 
and let {^j} be a qT-L-hasis. Then 

(^) %'ni3(L^(Q)) mYRii)) = Trg {JgRiif R{i)JQ) = 

(n)E^ {Rm{o*^^,^^) = m\'. 

(in) For X E {Q' Ci 8(1-1))^, is independent of the basis used and, up to scaling, 
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Proof. Let = Tr'Q,^^^^^^^)). 

(i) This is simply Lemma 4 of Connes [6]. In the type II case the proof is particularly 

simple: Take projections pi £ riTrg with pi 1. Then Trg = limj < ■ pi,pi > and 
hence 

TrQ(jQi?(emojQ) = iim||i?(e)Kip = iim||p,eii' = iieiP- 

I 'I 

(ii) Let X G ((50+ • Using (i), 

= ^' • (3.1) 

Hence 

1] {RmiO*^^,^^) = (i2(eO*i?(0^(0*«(eO) 

i 

= v'(ii(eme)) = iieip. 

(iii) Given a basis H = {^j} define a normal weight i?!)^ on {Q' n B{l-L))j^ by 0^ = ( • ^j, ^j). 
For bases H and H and x € Q' Ci B{7i), use (13. 1|) to obtain 

(l)'s{x*x) = (i2(ei)*x*l^xi?(ei)) 

i j 

= ^Y1 'P'iR(Ij)*^Ri^i)Ri^iy^*R(ij)) since tl;' is tracial 

= 5^^'(i?(e,)Vi?(^,)) 

= ^~(xx*) 



Hence is tracial (taking H = H) and ^/^^:. = ip'~. By (ii) ipL ^ oo and so by uniqueness 
of the trace on a type II factor (up to scaling in the IIoo case), = Trg/. 

□ 
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Definition 3.1.4. Let Q be a type II factor with trace Trg. Given qH there is a canonical 
choice of scahng for the trace on Q' Ci B{7i) given by 

TrQ'nB(-H) = X] ^ ■ 

i 

where {^j} is any gT^-basis. [Note that if Q' is a IIi factor this may not be the normahzed 
trace on Q']. 

Corollary 3.1.5. For all x G {Q' nB{n))+ we have 

i 

where Trg/ now denotes the extension of the trace on Q' to 

Proof. Let x G (Q' Ci B{n))+. Take Xk G {Q' n B{n))+ with Xk /■ x (PropEXS]). Then 
Ttq, {x) = hm TiQ, (xk) by Prop 12X31 

k 

= hm < Xfc^j, > by Lemma [3.1.31 

i 

= y lim < Xkii^iii > since Xk is increasing 

j 

= ^limj^fcKJ 

j 

= ^^x(a;^-) by definition. 

□ 

3.1.2 The basic construction 

Definition 3.1.6. Let P C Q be an inclusion of type II factors. The basic construction 
applied to P d Q \s P d Q d Qi, where 

Qi = JqP'Jq. 

Enock and Nest [8] show in 2.3 that an alternative description of the basis con- 
struction is 

Qi = {mL{r^y ■.i,r^eD{}}{Q)p)}". 
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Proposition 3.1.7 (Enock and Nest [8] 10.6, 10.7). Let T : Qj^ ^ P+ be the unique 
trace-preserving operator-valued weight. Then 

• riT n tiTrQ is weakly dense in Q and also dense in L'^{Q). 

• For x G there is a bounded operator Ax{x) G Hom_p(L^(P), L^((3)) defined by 

AT{x)a = xa for all a £ nxrp 

(in addition xa £ xvt Ci nxrg 

• The adjoint of At{x) satisfies 

Aj-{x)*z = T{x*z) for all z G n riTrg- 

• For x,y £ nx, 

ATixyAriy) = T{x*y). 

• Qi = {At(x)At(2/)* ■■x,y£ ut}" 

• The n.f.s trace- pre serving operator valued weight Tq : (Qi)^ — )• Q+ satisfies 

TQ{AT{x)AT{yr) = xy*. 

Notation 3.1.8. Herman and Ocneanu [10] use the notation x ®p y* for the operator 
AT{x)AT{y)* because AT[x)AT{y)* is clearly P-middle-linear and, for z G n nTrg, 

{x ®p y*)z = xT{y*z), 

so that in the finite index IIi case x ®p y* is simply xeiy* which is x <^$p y* under the 
isomorphism Qi = Q (g)p Q. 

The basic construction can be iterated to obtain a tower 

Tp Tq Tq^ 

P c Q c Qi c Q2 • • • 
and many results from finite index carry over to the general case. 
Proposition 3.1.9. 

• L2(Qi) ^ L'^iQ) (g)p L'^iQ) via L{^)L{r])* ^ ((g)p Jqt] . Note that for x,y G nr n riTrg 
this agrees with Herman and Ocneanu' s (8)p notation. 
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Consequently there is a unitary operator 6^ ■ <8'p*'"^L^((5) — )• L'^((5fc) such that 



OlJkOk [ii®---® Cfc+i = Joik+i ® Mk ®---® JoCi 
\ p p J p p p 

d^xOk = 7rfc_i(x) id, 

where x £ Qk acts by left multiplication on L'^{Qi^) and 7r^._i(rE) is the (defining) 
representation of Qk on L'^{Qk-i)- 

• Multi-step basic construction: P C Qi C Q2i+i is also a basic construction. In more 

detail, represent Q2i+i on L'^{Qi) ®)p L^((5i-i) using u = {9i 6'i_i)^|- : L^{Q2i) 
L^(Qi) ®pL^(Qi-i); then 

uQ2i+iu* = JiP'Ji ® id. 

p 

By using Qj in place of P we obtain a representation of Qk (i + 1 < k < 2i + \) on 
^"^{Qi)- Denote this representation vrf or simply VTj if k is clear. 

def 

• Shifts: By the above multi-step basic construction ji = Ji{ ■ )*Ji gives anti-isomorphisms 

ji : N'r\M2i+i N'nM2i+i, ji : M'nMai+i ^ N'nM2i, ji : N'nM2i M'nMsi+i- 
Hence the shift shi = ji+iji gives isomorphisms shi : A^'nM2i+i — )• M[ nM2j+3, shi : 
N'r\M2i M[nM2i+2, shi ■■ M'r\M2i+i M^nM2i+3, shi ■■ M'nM2i M^nM2i+2. 

Remark 3.1.10. Prop [STLQ] (i) is Theorem 3.8 of Enock-Nest [8], which is a reformulation 
of 3.1 of Sauvageot [30]. Their general result includes the spatial derivative, in this case 
dTrg./dTrpop, but Trg^ (L(Oi(0*) = ll^lP by Lemma [3X3] and hence dTrg./dTrpop = 1. 

We remark once again that for a finite index inclusion of IIi factors the canonical 
trace on Mi is not the normalized trace. If one wishes to use normalized traces then 
Prop [3?L9] and many other results here will need to be modified with appropriate constants. 
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3.2 The III Case 



We now consider the special case of an inclusion C M of IIi factors with [M : N] =00. We 
will reserve N C M for inclusions of type IIi factors and use tend to use P C Q for general 
type II inclusions. For N C M additional structure is provided by the existence of some of 
the Jones projections and the embedding of M in L^(M). We prove some technical lemmas 
leading up to existence of the odd Jones projections. We then give explicit definitions of 
the isomorphisms 9k from Prop 13.1.91 and establish a number of useful properties of these 
maps. 

We conclude this section by constructing a basis for M over N, which will also 
allow us to construct bases for Mj over M^. 

3.2.1 Odd Jones projections and conditional expectations 

Lemma 3.2.1. Let P C Q be an inclusion of type II factors and let P C Q C Qi be the 
basic construction. Then: 



Proof, (i) This is just Lemma l3. 1 .31 with P in place of Q and a right-module in place of a 
left-module. 



(i) Forr] £ D{L'^{Q)p) 



ttq, {mm*) = Tip {L{r,rm) = m\ 



(a) Hence, for ^ also in D{L'^{Q)p), L{r])L{^)* is trace-class and 



Ttq, (L(r/)L(0*)=<r?,e>. 



(Hi) For X £ Ut 




(ii) This is the usual polarization trick and the fact that the product of two Hilbert-Schmidt 
operators is trace-class. 
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(iii) Let {^j} be a L^(Q) p-basis and pj a sequence of projections in P increasing to 1. Then 
TrQ, (At(x)At(x)*) = (AT(:c)AT(x)*e„e.)L2(Q) 

i 

= ^lim(L(0*AT(2;)AT(x)*L(ei)p,-,Pj)L2(P) 

i 

= Y.Trp {ATixymmyATix)) 

i 

= Trp (At(x)*At(x)) 

= 1:tp{T{x*x)) = 1:iq{xx*). 

□ 

Lemma 3.2.2. Let P C Q be type II factors, P C Q C Qi C Q2 C • • • the tower. Suppose 
TrQ,(Q+) = {0,00}. Then Ttq, ((^2)+) = {0,oo}. 

Proof. Take a L2(Q)p-basis {^J. Then {^i(g>p^j} is an L2(Qi)p-basis (Theorem 3.15 of [8]). 
Let X > be an element of Q2 = End_Q (L^(Qi)). Then 

TtQsC^) = Yl ^J'' ^j)l2(Qi) 

i,j 
i 

where we have used the fact that {L^.)* xL^. G End_Q (L^((5)) = Q, so each term in the 
sum is either or 00. □ 

Lemma 3.2.3. Let P d Q he an inclusion of type II factors with Trglp = Trp. Let 
T : — )• P+ be the trace-preserving operator-valued weight. Let e denote orthogonal 
projection from L^(Q) onto L^(P). Then 

(i) T is in fact a conditional expectation, which we will denote E. 

(a) ex = E{x) for x G tlTrQ- 

(iii) exe = E{x)e for x & Q. 

(iv) e e P'nQi. 
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(v) For x,y £ ut, x ®p y* = xey* . 

Proof, (i) TTQ{ala*) = Trp(ala*) for all a € P. Hence Tp(l) = 1 so that Tp is a 
conditional expectation. 

(ii) Let X £ riTrg • Then for all y G riTrp : 

(E{x),y^ = Trp{E{x)y*) = Tip{E{xy*)) = Trg^xy*) = {x,y) = {ex,y) . 

To justify the third equality note that xy* is trace-class and hence a linear combination 
of positive trace-class elements. For each of these positive elements a, Tr p{E{a)) = 
TrQ(a) and hence Ticp{E{xy*)) = TrQ{xy*). 

(iii) Let a S nxrQ- Then exea = exE{a) = E{xE{a)) = E{x)E[a) = E{x)ea. 

(iv) For X G ^Ttq, CL,b G P, e{axb) = E{axb) = aE{x)b = a{ex) ■ b. Hence e G 
Endp-p{L^{Q)) = P'nQi. 

(v) For z G nrnriTrg, {x (^p y*)z = {xT{y*z)) = xey*z. 

□ 

Proposition 3.2.4. 

(i) Tr2i|jyj2._^ = Tr2i_i so that Tj\/2._j : {M2i)+ — )■ (M2i_i)+ is in fact a conditional 

expectation, which we will denote -Ei/ji-i • 

As Tv2i\]yj^. J = Tr2i-i, let e2i+i denote the orthogonal projection from L^(M2i) onto 
the subspace L^(M2i-i). Then e2i+i G -/Vf2j_i H M2i+i and i?A/2i_i ^-^ implemented by 
e2i+i, i-e. 

e2i+ixe2i+i = EM2i-i{x)e2i+i x G M2i. 

(ii) Tr2i+i|jv^2, 7^ '^'^2j- In fact TrM2,+i((M2i)+) = {0,oo}. Hence TM^i ■ {M2i+i)+ 
(M2i)+ is not a conditional expectation. 

(iii) TM2i (e2i+i) = 1 and 

e2i+l ® 621+1 = e2i+l. 

(iv) Tr2i+i (eies • • • e2i+i) = 1. 
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Proof, (i) By Lemma 13.2.31 we simply need to show that Ti2i\M2i i ~ '^^2i-i for i > 0. 
tiM = tr^v SO the result is true for i = 0. Suppose this is true for some i. Let P = 
M2i-i, Q = M2i so that Qi = N'hi+i and Q2 = M2i+2- Let {fj} be an L^(Q)p-basis. 
Take projections qu ^ Q with = 1 and TYQ{qi.) < 00. Then {%.} is an L^(Q)q- 

basis and {^j (g)p qk} is an L^(Qi)Q-basis (easily checked since L(^j (g)p g^) = L^-qk). 
Now, for X G (M2i+i)+, 

Tr2i+2(x) = ^ {X^i (g)p qk,ii ®p gfc>L2(Qi) = X] ^' "^-P ^)l2(Qi) 

i.fc 

i i 

= Tr2i+i(x). 

(ii) Note that Mi is a IIqo factor, hence TrA.f^(l) = 00. For any nonzero projection in 
M there is a finite set of similar projections in M with sum dominating 1 and hence 
infinite trace in Mi. Thus Trj\/-^(p) = 00 for all nonzero projections p in M. By 
spectral theory this implies that Trjv/i(x) = 00 for all nonzero x in M_|_. Using the 
preceding lemma we see that Trjv/21+1 ((M2j)_|_) = {0,oo}. Hence for nonzero a G M2i 

00 = Tr2i+i(a*a) = Tr2i (Tmz, = Tr2i (a* rAf2,(l )«■)), 

so that Ta/j. (1) ^ CI and so T/v/j^ is not a conditional expectation and not a multiple 
of a conditional expectation. 

(iii) Note that nT2i_i = ^Eii^i = ^2i- By Lemma [3i2TT] Tr2i+i(3;e2i+ia;*) = Tr2i(a::x*) for 
ah X G M2i. Thus TMai (e2j+i) = 1- 

To show that e2j+i ®M2i ^2i+i = e2i+i let z = ae2i+ih where a,b £ nTr2i (and hence 
z G nTr2i+i n htq^ because z*z = 6*£'M2i_i (a*a)e2i+i^). Then 

( e2i+i <8) e2i+i ) z = [e2i+iTM2i (621+1^)] = [e2j+i^A/2i (^Af2i_i («)e2i+i^)] 

= [e2i+i^M2i-i(«)fe] = e2i+iz. 

Since the span of such elements z is dense in L^(M2j+i) we have shown e2i+i <8'M2i 
e2j+i = e2i+i. 
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(iv) The proof is by induction. Tri(ei) = tr(T(ei)) = tr(l) = 1 and 

Tr2i+i (ei • • • e2i+i) = Tr2j {TM2i{ei ■ ■ ■ e2i+i)) = Tr2i (ei • • • e2i-iTM2i{e2i+i)) 
= Tr2i (ei • • • e2i-i) = Tr2i--i (ei • • • e2i_i) . 



□ 



3.2.2 Properties of the isomorphisms 9k 

In this section we exphcitly define the isomor phisms Ok : ®^+^L2(M) ^ L^{Mk). 

Definition 3.2.5. Given P C Q an inclusion of type II factors. For r > 1 define J 

jQ,P,r : ^ ®'pL2(Q) by 



J 6 ^2 <8) • • • ?r = JqCt ® • • • ® Jq6- 
\ P P P J P P 

J is a conjugate-hnear isometry onto ®'''pL'^{Q). 

Notation 3.2.6. Let Vk+i '■ ^'^{Qk) ®Qk~i ^^{Qk) — ^ ^'^{Qk+i) denote the isomorphism 
defined by 

Qk-1 

Let ik '■ L^(Qfc) ^^Qfc L^(Qfc) — )• L^((5fc) denote the isomorphism defined by 
X ®y^xy x,y £ xiT^k- 

Qk 

Note that both of these maps are Qk-Qk bimodule maps and both preserve J, i.e. 

Jk+lVk+l = Vk+lJQk,Qk-i,2 
Jkl'k = l'kJQk,Qk,2 

Definition 3.2.7. Define a Qk-Qk bimodule isomorphism 

Qk-l Qk 



by 

1pk,r+l = i'^Qk'^k+l) o ( idfc I ® 

\ Qk-l \Qk-l 



'-hi ] idfe 



Qk- 
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I.e. 



Qk~l Qk-1 Qk-1 Qk~l 

i 

Qk-1 \ Qk / Qk-1 Qk-1 \ Qk / Qk-1 



Qk-1 J Qk Qk \ Qk-1 

I 

Qk Qk 

Definition 3.2.8. Define a Q-Q bimodule isomorphism 9^ : <8'^^L^(Q) — )• L^(Qr) by 

Or = V'r-1,2 o V'r-2,3 " " " V'0,r+1- 



I.e. 



p p p p p p 

i 

L2(Qi) o L2(Qi) ® . . . ® L2(Qi) o L2(Qi) 
Q Q Q Q 



L'(Qr-2) ® L'(Qr-2) ^ L'(Qr-2) 

Qr-3 

i 

2^^ ^ ^ t2, 

?r-2 



L'(Qr-l) L^(Qr-l) 
i 

In general define 91 : ^''(^^L'^iQi) L'^{Qi+r) by 

91 = 1pi+r-l,2 O V'i+r-2,3 " " " V'j.r+l- 
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Note that the maps ^ and hence 6 also preserve J, because V and l do. Hence 

\ P P J V P P 

Also note that 9k-^.l = 91^-^ = (^1° V'o,fc+2- 

Lemma 3.2.9. Let P C Q be an inclusion of type II factors. Let T = Tp . Any element 
X G rtiT n TTiTrQ Can be written as x = y*z for some y, z G wt Ci nxrQ • 

Proof. Consider the polar decomposition x = u\x\ and let y = z = Then 

z*z = X and y*y = \x\^^'^u*u\x\^^'^ < \x\. Hence z*z,y*y G mr n mTrg and z,y £ xit Ci 

Lemma 3.2.10. Let P C Q be an inclusion of type II factors. Let T = Tp . Let a,b £ 
xiT n xittq ■ Then 

a®h* £ m^Qi n mxro, • 

P ^1 

Proof. Note that L{a) = Aria), L{b) = Ar(^), so a 0p b* = L{a)L{b)* € ^Tvq^ by 
Lemma EXH (ii). In addition a®pb* = Ar(a)AT(6)* G m^Q^ by Prop 10.7 of [8]. □ 

Remark 3.2.11. Note my n triTrg C n n httq- Hence for x G tht n rriTrQ, a; G 
D{L^{Q)p) n Z)(pL2(Q)) and At(x) = L(x), JqKt{x*).Jp = R{x). 

Proposition 3.2.12. Let P d Q be an inclusion of type II factors. Let T = Tp and let 
Q = xu-T n TnTrg- Let ai,bi £ Q, i = 1,2, ... . Let sj £ P be defined inductively by sq = 1, 
Sj+i = r(a*^iSj6j+i), j > 0. Then 

(i) 



V ^' ^ / V Qfe-1 
and hence defines an element ofQk which we will denote ai®p - ■ ■<S)pak+i. In the case 

k = 1 this is the same element as that represented in the Herman- Ocneanu notation 

by ai (g)p 02- 



(ii) 



ai a2 • • • Ok+i j = flfc+i ^ a,fc • • • aj. 
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(in) 



(iv) 



(v) 



(vi) 



ai 





&i ® 


• • • ® ftfc+i 


Qk-1 \ 




P 


* 

< 


••• 

P 


•g fg 
P P 


V 


ig ••• 

P 


P "^^^ P 



-I- p P P 



k = 2r-\ 
bk+i k = 2r 



ai 



p p p 



ai 



P 



4+1® 



ig a* , 1 Sr (g br+1 (g • • • (g 

p p p p 

a*,, Srbr+l (g • • • (g 6fc+l 

p ^ p p 



vrf I ai 



Ofe+l 




5i+l 



Ofc+i (g • • • (8) 



r+i^r ^ "r+l 



fc+1 "8 • • • ® a*_,_]^Sr.6r+l ® ■ ■ ■ ® 



P 
&i+l 



5i+l 



= 2r - 1 



(g) arT(ar+i) ■ ■ ■ fflfc+i k = 2r 
p p p 



k = 2r -1 
k = 2r 



k = 2r-l 
k = 2r 



Proof. By Lemma 13.2.91 there exist w* , Xi , y* , G n nxrg such that 
Oi = WiXi,bi = yiZi. Let Ai = ai (gp W2,Bi = bi (gp y2 and for i > 2 let = xi ®p 
Wi+i,Bi = Zi®p yi+i. For j > 1 let = Xj (Sip flj+i, -Bj = Zj ®p yj+i- By Lemma [3.2.101 
Ai, Si, Ai, G m^Qi n mTrg^ • 

Let So = 1, Sj^i = Tq^ {A*_^_-^^SjBj^i), j > 0. We claim that Sj = 'w*_^-^^Sjyj^i for j > 1. 



For j = 1, use the fact that AT(ai)*Ar(&i) = T(aJ&i) from Prop 13.1.7] to obtain 
AlBi : 



^ p ^ 



^1 (X) y2 = ^2^(0161) (g) y2 = ^si ® y2, 
p J p p 
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Hence 5i = Tq(AIBi) = W2Siy2- In general, if the result holds for i > 1 then 

(i) The result is trivially true for k = 0. For k = 1, 9i = ■0o,2 = and we have, from the 
definition of vi, 

9i (^ai |a2^ = {L{ai)L{jQa2)*f = {AT{ai)AT{a*2)*f . 

AT{ai)AT{a2)* is in m nrnxro by Lemma fS. 2. 101 and is simply ai(8>pa2 in Herman- 
Ocneanu notation. 

Assume that (i) is true for some k > 1. Then 

dk+i {010 02® ■■■ ® ak+2 ] 
\ p p p I 



4+1 «i ® W2X2 Wk+i^k+i ak+2 

\ P P P P 

9l o Vo,/c+2 ( oi W2X2 ® • • • 18) wC^^+i d^2 ) 



9fc ( ( ai it;2 I (K) [X2 W3 



" ' P J Q \ P 



9l (Ai(^A20---(E)Ak+i] 
\ Q Q Q J 



Qk 

by assumption (and the fact that if C = Q and D = Qi then the tower obtained from 
C C D satisfies Dj = Qj^i). 

Note that in addition we have shown that 

ai (g) 02 (g • • • (g Ok+2 = (g) ^2 ® • • • (g ^fe ® ^fc+i- 
P P P Q Q Q Q 
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(ii) Simply observe that 

(iii) For /c = 0, a{sQ ®p hi = a\(^p hi. For k = \, from the proof of (i), 



a% (g) a\sQhi ®h2 = aX^ a\hi ® 62 
p p p p 



al®a{ \ ® [hi®h2 
P Q \ P 



ai ® a2 (Xi 61 (Xi 62 • 
P J Q \ P 



Assume the result is true for some k > 1. Note that 



A*Sr~lBr = (^W*^i ^ X*^ W*.Sr-iyr {zf ® Vr+l^ 



W*_^_iT{xlw*Sr-iyrZr) ® Vr+l 



W^._^_lSr ® Vr+l 
P 



= W^,2 ® a^+iSrVr+l- 
P 

Hence, with the first of the two cases always denoting k = 2r — 1 and the second 
k = 2r, 



ai(^ ■ ■ ■ ak+2 I ® \hi®-- - ® hk+2 
P P J Qk\ P P 



Ai (g) ■ ■ ■ (g) Ak (g) Ak+i (g) { Bi (g ■ ■ ■ (g) Bk (g Bk+i 
Q Q Q J Qk\ Q Q Q 



• (g A;Sr-iBr (g---(gBk(g Bk+i 

Q Q Q Q 



A;^^Sr (g B, 



r+1 



Bk ^ -Bfc+i 



g> a* +2 ® K+l^r+l^r ® Ur+lZr+l ® &r+2 



bk+2 



^ P ^ P P ^ P P P 



hk+2 



a 



k+2 ^ "fc+1 



a*+lSr^r-+l ® hr+2 ■■■ hk+2 



P P P P P P 

Hence the result is true for k + 1 and the general result follows by induction. 
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(iv) For k = 0, TQ^^{ai) = T(ai). Assume the result holds for some k > 0. Note that 



ArAr+l = XrT(Wr+lXr+l) Wr+2 = XrT(ar+l) Wr+2 

P P 

Aj.T^^{Ar+i), = Xr ® Wr+lXr+lWr+2 = ® 

Hence, with the first of the two cases once again denoting k = 2r — 1 and the second 
k = 2r, 



Q 



Ak (S) Ak^ 



(g) ^fc (g) Ak+i 
Q Q 



Ai^---^ArT^'{Ar+i) 
Q Q ^ 



(g) Afc (g) Ak+i 
Q Q 



ai 



0.1 



0.1 



Oi (g 

P 



(g ttr-l (g WrXrT(ar+l) (g Wr+2Xr+2 (g dr+S (g • • • (g afc+2 
P P P P P P 

(g a^-l (g Wra^r Ig ar+lWr+2Xr+2 ^ ^r+S "g " " " Ofc+2 
P P P P P 

(g a^-i (g arT(ar+i) (g 0^+2 <g • • • <g 0^+2 
P P P P P 

(g a,, (g ar4-iar+2 <S) 0^+3 <g • • • (g 0^+2 
p p p p p 



(v) We use the fact that Tq{x <^ y) = xy combined with (iii) and (iv). Once again, let the 
first of the two cases denote k = 2r — 1 and the second k = 2r. 



oi (g • • • (g ak+i 61 (g • • • (g bk+i 
p p I \ p p 



^ ^ P P I Qk-i \ P P 



61 (g • • • (g 

^fc+1 



rpQk+1 

^Qk 



*fc+i 



^fc+i 



0*4.1 (g o*4_iSf, (g 6r+i h+i 



p p p 

a*_^_j^T{a*Sr--lbr) (g 6r+l 



^fc+l 



at , 1 (g • • • (g a* , 1 Sr-fcr+l "g br+2 (g • • • ig 6fc+l 



*fc+l 



a*+lSr (g &r+l 



4+1 • • • "g a*+lSr&r+l Ig &r+2 <g • • • <g bk+1 

p P P P P 
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(vi) Let j = 2i — k. We will induct on j. For j = —1 (k = 2i + 1, i > 0), let u 
{0i <S)p0i^i) e*^. From Prop [3X9] 



(g) • • • (8) a2i+2 6i (g) • • • ® 
p p J \ p p 



Cl • • • Qs) c, 
p \ p p 



M I ai (g) • • • (g) a2i+2 U^i <g) • • • (g (g ci (g • • • (g Q 
p p J \ p p p p p 



u aoj 1 2 <g • • • <g flj I oSj+i (g ci (g • • • (g Cj 
* p p p p p 



a2j+2 1^ • • • (g aj+2Si+i (g ci (g • • • (g Ci 
p p J p \ p p 

Suppose (vi) holds for some j (and all i > j). Let j = j + 1, i > j and k = 2i — j. Set 

z = i — 1, A; = 2z — J=fc — 1. Let P = Q, Q = Qi and vf denote the representations 

constructed from Prop 13.1.91 applied to -P C Q. Then 



vr;" I ai (g • • • (g a^+i 6i (g • • • (g 
* P P J \ P P 



TTf ( Ai (g • • • (g A^^l ) ( Bi ^ • • • (g 

\ Q Q Q 



fc+i 



A*p,^Sf (g 5f+i (g • • • (g Sj+i 

Q Q Q 



^f-l-l'S'r-Br+l 



(g • • • 5; 

Q Q 



'■k+1 



(g ai , -, Sf 6f+i (g • • • (g 
p p p 



(g ai , oSf+i <g &f+2 <g • • • <g 
p p p p 



(g a* , 1 Sr&r+l (g • • • ig hi+i 
P P P 



Or+1 "g 



P P P P 



k = 2r-l 
k = 2f 

k = 2f 
k = 2f + l 

k = 2r 
k = 2r-l 



□ 



Notation 3.2.13. Let = spanjai (gp • • • (gp a^+i '■ CLi £ Q} (not to be confused with 

(Qk) =Tn ntiTrJ- 

Qk-i 

Corollary 3.2.14. Let N d M he an inclusion o/IIi factors. Then 
(i) 

l(gl(gl---(gl = eies • • • e2r-i. 

N N N 



2r or 2r+l 
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(a) For ai,a2, . . . ,a2r ^ M 



ai (g) • • • (8) Or (8) 1 ® ttr+l ^ ■ ■ ■ a2r = ai ^ • • • ^ a2r- 

N N N N N N N N 



(in) Mf^ is dense in L^(M/;). 



Proof, (i) First note that 1 = 1, 1 (g) 1 = leil = ei. Suppose that 

N 

l(g)l(g)l---(g)l = eics • • • e2r-i- 

N N N 



2r 



Then, by Prop 13,2JJJ (iii), 



1 O 1 <g) 1 • • • (g) 1 

N N N 



1 (g) 1 (g) 1 • • • <g) 1 

N N N 



Af2r-2 



1 (g 1 <g) 1 • • • (g) 1 

AT TV TV 



2r+l 



2r 



2r 



(eies • • • e2r-i) (eies • • • e2r-i) 

TW2r-2 

(eies • • • e2r-3) e2r-i ® e2r-i (eies • • • e2r-3) 

TW2r-2 

(eies • • • e2r-3) e2r-i (eies • • • e2r-3) 
eies • • • e2r-i, 



using Prop 13.2.41 (hi). Also 



1 1 (g) 1 • • • (g) 1 

AT TV N 



1 1 (g) 1 • • • 1 

TV AT TV 



2r+2 



V 



M2r 



2r+l / \ 2r+l / 

= (eies • • • e2r-i) e2r+i (eies • • • e2r-i) 
= eies • • • e2r-ie2r+i. 

The result now follows by induction. 

(ii) Let X denote ai (gj^v ■ ■ ■ <S5tv «r and let Y denote a^+i (d)N ' "'^N «2r- Using part (i) and 



1 g) 1 (g) 1 • • • (g 1 

AT TV TV 
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Propyi2jJ(iii) and then (v), 



ai (g) • • • (8) Or (8) 1 18) flr+l (8 • • • (8 a2r 

N N N N N N 



X(81<8---(8 1 

AT TV N 



X® 1® •••8)1 

N N N 



N N N 



( 

LV 
/ 

V 
/ 

v 

/ 

V 



ai (8 • • • (8 a2r- 

N N 



) 



<8 

M2r-2 



( 

N N N 
\ 



( 



V 



N N 
2r 



r 




1(8 •• 


(8 1 


N 


N 


r 




1(8 •• 


(8 1 


N 


N 



) 



N N 
\ 2r+l / 



\ 

/J 
\ / 

V 



M2r- 



N N 



1 • • • (8 1 (8^ 

N N N 



2r 



1 (8 • • • (8 1 (8^ 

N N N 



\ 



\ 



1(8---(81 

AT N 



( 



2r 



1 (8 • • • (8 1 (8^ 

N N N 



N N N 



) M = M is dense in L^(M). The general result follows from the following claim: 

Claim 3.2.15. Suppose % C D(T-Lb) is dense in aHb o,nd K. C D{bJC) is dense in 
bICc- Then span{^ (8b : ^ G ?? G K,} is dense inH. (^bK.. 

Proof. Given ^ G D{1-Lb) and i] G D{bK,) take rjn ^ K. with rjn — )• ?/. Then 

\\i(^il-i(^Vn\? = ||e«>^ll^ + llC®??n|P -2Re(e«>r/,e«)r/„) 

B B B \ B B / 

= {{C,OBV,V) + {{tOB B Vni Vn) 

so we can approximate '^(8b?7 by ^(8??o for some r/o G /C. Similarly we can approximate 
? (8_B Vo by '^o (8b ??o for some Co G "H. □ 
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The result now follows by induction because C m M^. HmTrfc by iterating Prop l3.2."T2] 

-'iV 

(iv) and m n mTrfe C D{L^{Mk)N)- 

□ 

3.2.3 Bases revisited 

Definition 3.2.16. Let P C Q be an inclusion of type II factors. A Qp-basis (also called 
a basis for Q over P) is {6} C n riTrg such that 

y^b^b* = 1. 

A pQ-basis is {b} C n^Ci riTrg such that 

y r«)6= 1. 

Remark 3.2.17. Note that a Qp-basis is a special case of a L^(Q)p-basis. We define 

orthogonal and orthonormal Qp- and pQ-bases as in l3.1.1[ 

If {b} is a Qp- (resp. pQ-) basis, then {b*} is a pQ- (resp. Qp-) basis. 

We will show that for a IIi inclusion N C M there exists an orthonormal basis for 
M over N and orthogonal bases for all AI^ over Mj. We will then relate bases for Q over 
P to the commutant operator-valued weight. 

Existence 

We begin with the infinite index version of the so-called pull-down lemma. 

Lemma 3.2.18 (Pull-down lemma). Let z G n^. Then ze\ = T(zei)ei. 

Proof. Since zei,T{zei)ei G nxn equality is proved by taking inner products against aeib, 
where a,b G M: 

Tii^zeiaeib) = Tri{zeiE]\f{a)b) = t}:{T{zei)Ej\f{a)b) 

= Tri{T{zei)eiEN{a)b) = Tri{T{zei)eiaeib). 

□ 

Proposition 3.2.19. Let N C M be alli subfactor of infinite index. Then there exists an 
orthogonal Mn -basis. 
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Proof. Let T = Tj^K Take an L2(M)jv-basis {^^3} with pairwise orthogonal 

projections (by 2.2 of Enock-Nest [8]). In particular 

L\M) = ^ L{C^)L\N) 

For ^ G D{L?{M)m)-, T{L{S)L{^)*) has finite trace and so has spectral decompo- 
sition 

l-OO 

Timm*) = / AdgA. 

JO 

Let /i = gi, fn+i = Qn+i - Qn- Let Zn = fnL{i)ei G Ml. Then G since 

r(z„4) = r(/„L(OeiL(o Vn) = Tiumm*fn) = fnT{mm*)fn 

which has norm less than n. By the Pull-down Lemma (Lemma I3.2.18P z„ = 6„,ei for some 
bn G M. L{i)ei = Y.n fnL{i)ei = bndi and so 

mh\N) = ^bnl^\N). 

n 

Applying this procedure to each we obtain a decomposition of L^(M) as 

L2(M) = 05,L2(iV) 

a 

where G M. 

For b £ M let p be the orthogonal projection onto bL^{N). Consider the spectral 
decomposition of beib* 

rK 

beib* = / Xdqx 



Jo 

Let pn = X{K/(n+i),K/n]ibeib*) = QK/n " QK/in+i)- Note that X{o}ibeib*) is orthogonal 
projection onto Ker(5ei6*) = Ker(ei6*) = (Range(6ei))-'- so that J2Pn = 1 — X{o}(^^i^*) ~ 
p. 

Let 

Zn = / A-l/2d(ZA, 
Ji^/(n+l) 

so that Znbeib* = pn- Note that z„ < ((n I) / K)'^/'^beib* so G mr C n^^. By the 
Pull-down Lemma there exists bn £ M with Znbei = 6„ei. Then 



^ &nei&* = ^ Znbeib*z* = ^p^=p. 
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Applying this procedure to each we obtain a cohection of elements in M with 



Proposition 3.2.20. Let N C M be alli subfactor of infinite index. Then there exists an 
orthonormal -basis. 

Proof. Consider N C M C Mi, T = Tjv/. By Prop 13.2.191 there exists a sequence of 
projections pi G mr with J^Pi — ^- Observe that ^Tri(pj) = Tri(l) = oo. By adding 
finite sets of projections and taking subprojections, operations under which is closed, 
we may assume that Tri(pj) = 1 for all i. Thus pi is equivalent in Afi to ei, so there exist 
Vi £ Ml with ViV* = Pi, v*Vi = ei. v* = v*pi G ny, so Vi G and by the Pull-down Lemma 
there exists bi £ M with Vi = viei = b-iei. Then bieib* = ViV* = pi so that "^^bieib* = 1. 
In addition 



Remark 3.2.21. In the proof of Prop [3^2.201 the only fact we use from Prop [3^.191 is the 

existence of a set of projections {pi} C vxt with ^^Pi = 1. Herman and Ocneanu claim 
the existence of such a partition of unity for any semi-finite factors C M on a separable 
Hilbert space (Prop 2 of p^), however no proof is available for this result. 

Lemma 3.2.22. Let B = {6j} be an M^-basis. Then Br = {bj-^ (^n <^n ' ' ' bj^_^_^} is an 
{Mr)N basis. If B is orthonormal then so is Br. 



Y,weib: = i 



and b^eib* pairwise orthogonal projections. 



□ 



eiEN{b*bj) = eib*bjei = v*Vj = SijSi 



so, applying T, EN{b*bj) = di^jl. 



□ 



Proof. 




(3.2) 



so that 



Y.^{^n®---®^jr+}jL{bj, 




If B is orthonormal then L{bj)*L{bi) = Ll^Lf,^ = 6ijl, so from equation (j3.2p L{b)*L{b) 
5f^ ^1 for b,b £ Br. 



□ 
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Lemma 3.2.23. Let he an orthonormal Mf^f-basis. Let k = 2r — \ or 2r. Define 
Pji,-,jr e by 



(g) • • • (g) L-^ (g) 6* (g) • • • (g) 6* . k = 2r-l 

^ N N N N N 



Pjl,--;jr 



(g • • • 6,-^ (g 1 (g 6* (g • • • (g 6* . k = 2r. 



Then pj-^^^^^j^ are orthogonal projections with sum 1. 

Proof. For k = 2r—l note that by Lemma [3.2.22l ijr_i = {bj^ (^n'^n ' ' ' bj^} is an orthonor- 
mal basis and hence (fej^ (^n (gTV • • • 6>) "SS (6ji (gA^ (gAr • • • ^jv)* ^-^^ orthogonal projections 
with sum 1. 

For k = 2r simply note that 

6n (g • • • (g (g 1 (g 6* (g • • • (g 6* = (g • • • (g L-^ (g 6* (g • • • (g 6*, 

by Corollary EXH □ 

Proposition 3.2.24. Let 6e an orthonormal Mi^-hasis. Then for —1 < k < I an 
orthogonal {Mi)Mk-basis is given by: 



6ii <g • • • <g 6i, , <g <g • • • <g <g 6* <g • • • <g 6*, k = 2r-l 

N N N N N N N N 

bi.0---®bi, . (g 6,-, (g • • • (g 6,-^ (g 1 (g 6* • • • (g 6*, A: = 2r. 

< N N N N N N N N N 



Proof. Note that 
Hence 

= 1 

and the terms in the sum are orthogonal projections. □ 



Corollary 3.2.25. Let Tr' be the canonical trace on Mj^ nB{L'^{Mi)) ( definition \3A^. 
ThenTT'{Ji{-y Ji) = T,2i-k. 
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Proof. Let Tr = Tr' (J; ( • )* J[). Note that by uniqueness of the trace up to scahng, Tr is a 
multiple of Tr2z_fc. Let fi = l (Sin ■ ■ ■ (^Ar I {i + 1 terms). Tr2i-k if2i-k) = 1 so we simply 
need to show that Tr {f2i~k) = 1- 

Let B be an orthonormal MAr-basis and Bij. the resulting (M;)Af^-basis from 
Prop 13.2.241 5,*^ is a j^^^ (Mi)-basis, so by Lemma[3X3]Tr' = E;,grB, ^ ■ b* , 9) and hence 
Tr = X^fegB, b,b^. Take r such that k = 2r — 1 + t {t = Oor 1). Fix ii, . . . , ii-k,ji, ■ ■ ■ ,jr- 
Let c = bij^ (E)N ■ ■ ■ hi^k (E>N bj-^ ■ ■ ■ bj^ G Mi_r-t and let b = blllZfi^_i^- Then, from 
Prop 13.2.121 

T^?^'' if2i^k)b = 1 ® • • • (g) 1 s (g) 6* (g • • • (g 6; 
where s = (1 • • • (l^TV (l^n) h,) ■ ■ ■ bj^) = T^^'""-* (fi-r-tc). Thus 

(vrf-^^ {f2l-k)\b) = {fl~rS, C) = {fl^r-t, CS*) t = 0, 

(7rf-^(/2/_fc)6,6) = (^fi_rS,C^l^ = (^fl^r,CS* g 1^ = CS*) t = L 

Finally 

TV(/2/-fc)= E (^f"'(/2/-A:)^&)= E {fl-r-uK'—'ic*fi.r-t)) 

= {fl-r-ti fl~r~t) = Tr/_r_j {fl^r~t) = 1- 

□ 

Commutant Operator- Valued Weight 

The main result of this section is: 

Theorem 3.2.26. Let P C Q be type two factors represented on a Hilbert space %. Suppose 
that there exists a Qp-basis B = {b}. Then the n.f.s trace-preserving operator-valued weight 
Tqi : (P')+ ~^ Q'+ satisfies 

Tq>{x) = J2bxb* xeP'+ 
b 

Proposition 3.2.27. Let P C Q be type two factors represented on a Hilbert space %. Let 
B = {6} be a Qp-basis. Then <1>_b(x) = Ylb^^^* ^ affiliated with Q' and hence 

in ((5')+. In addition ^p is independent of B and will hence be denoted simply 
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Proof. For ^ G 7^ define an unbounded operator -R(^) : L^(Q) — )• 'H with domain nxrg by 
i?(^)a = a^. For r] G ^'(q'H) we see that rj G D{R{0*): 

< R{Oa, r] >=< <, r] >=< ^, a*?? >=< ^, i?(?7)a* > =< R{r])*^, a* > 

=< a, JQR{riYi > . 

Hence L>(i2(0*) is dense so that R{^) is pre-closed (Theorem 2.7.8 (ii) of f20]). 



Let X E P' n and let A = x^/^R{(,). Define m G P'+ by 

||(^M)V2^||2 T] e D{{A*Ay/^) 



m{ujri) = < 



oo otherwise 



(note that A* A is a positive, self-adjoint operator on L^(Q) and is affiliated with P' (a 
simple computation)). 

Consider the polar decomposition A = v{A* Ay^'^ . Using Corollary 13.1.51 

Trp'nB(L2(Q))("i) = ^m{ujg,) 

i 

= j;i|(ylM)V25*||2 

i 
i 

= Y.\\x^/'Rm\? 

i 
i 

= ^ < bixbU,^ > 

i 

Since any element of (;B('H))^ is a sum ^ uj^^, ^b{x) is thus independent of B. In particular, 
for u £ U{Q), ^b{x) = ^ub{x) = u(^b{x)u* , so that ^b{x) is affiliated with Q' and hence, 
by PropEXl $b(x) G (QO?- □ 

Proof of Theorem \3.2.26[ 

Observe that since {b*} is a pL^((5)-basis, is a p?^-basis: simply note that 

R{b*(,i) = R{^i)R{b*) is bounded and 

J2R{b*m{b*^^r = Y,m)R{b*)R{brm^r = Y. Rimini)* = 

i,b i,b i 
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Hence, by Lemma fS.l.Sl we have, for y G {Q')+ 

i b 
i b 
i b 

so that Tqi{x) = ^{x). 

For X G {P')+ take x^ G (-P')+ with Ylk = x. Then 

Tq,{x) = Y,Tq'{x,) = EE^^'^^^* = EE^^'^^* = Y,bxb*. 

k k b b k b 



□ 



Corollary 3.2.28. For P C Q C R and x £ P' n R+, Tq/{x) G {Q' n R)+ does not depend 
on the Hilbert space on which we represent R. 



98 



3.3 Extremality and Rotations 
3.3.1 Extremality 

Note that on A^' n M the traces coming from N' and from M are not equal or even compa- 
rable, Tr{Ny being a type IIqo factor for any representation vr of M, while M is a IIi factor. 
This phenomenon continues up through the tower on all M2j_^ H M2i- 

In the finite index case irreducibility {N' n M = C) implies extremality. The 
example constructed by Izumi, Longo and Popa in [TSj shows that this is not true for 
infinite index inclusions. They construct an irreducible IIi subfactor of infinite index where 
the two traces on N' D Mi are not even comparable. 

All of this suggests that we should be looking only at N' r]M2i+i when defining ex- 
tremality for general IIi inclusions. In this section we give the first definition of extremality 
in the infinite index case and show that this definition has as many of the desired properties 
as we can expect. 

Definition 3.3.1 (Commutant Traces). Let r = 0, 1. On N' n M2j+r- define a trace Trgj,).^ 
by 

Tr'2i+ri^) = Tr2i+i(Jja;* Jj). 
In general, on Afj n M2i+r define a trace Tr'j^2i+r by 

Remark 3.3.2. Note that the traces defined above are simply those coming from rep- 
resenting Mj on L^(Mj) and using the fact that JiM'yJi = M2i-j by the multi-step basic 
construction. Note that by Corollarv l3.2.25I Tr2; | ^ is the canonical trace on N' r\B(L'^{Mi)). 

Finally note that Tr'gj,^]^ (ei • • • e2i+i) = 1. This is a consequence of the fact that 
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Tr2i+i (ei • • • e2i+i) = 1 and J^ei • • • e2i+i Jj = ei 




Hence we could define Tr2j_^r as the restriction of tlie unique trace on A^'nS(L^(Mj)) scaled 
so that Tr2j+i(eie3 • • • e2i+i) = 1. 

Definition 3.3.3 (Extremality) . Let N C M he an inclusion of IIi factors. N C M is 
extremal if Tr'^^ = Tri on A^' H Mi. N C M is approximately extremal if Tr'^ and Tri are 
equivalent on N'CiMi (i.e. there exists C > such that C~^Tri < Tr'^ < CTri on N'nMi). 

Remark 3.3.4. We will abuse notation a little by writing Tr2j+i = Tr2j+i when Tr2j+i = 
Tr2j+i on N' D M2j+i and similarly Tr2j4.i ~ Tr2j+i when Ti'2j^i and Tr2j+i are equivalent 
on N' n M2J+1. 

Proposition 3.3.5. (i) If N C M is extremal then ^^^'21+1 = Tr2i+i for all i>0. 

(ii) If N C M is approximately extremal then Tr2j_|_i ~ Tr2i+i for all i >0. 

(Hi) //Tr2j_^i = Tr2i+i for some i>0 then N <Z M is extremal. 

(iv) If Tv'2iJ^i ~ Tr2j+i for some i>0 then N C M is approximately extremal. 
Lemma 3.3.6. For z e {N' D Mj)+, T^j'{z) = Tr^-(z)l. 

Proof Assume z G {N' D Mj) (in general take Zfc z, Zk e (N'nMj) ). T^',{z) G 
Mj n Mj+ = [0, cxo]!, so T^^,{z) = XI for some A G [0,oo]. Let i be an integer such that 
j = 2i or 2i - 1. Let Tr' be the canonical trace on Mj n B{L'^{Mi)). By Corollary [322S] 
Tr' ( Ji ( • )* Ji) = Tr2i_j = tr and hence Tr'(l) = 1. Thus 



A = Tr' 




TrAr/nB(L2{M,))(^) = Trj(z). 
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□ 

Lemma 3.3.7. 

(i) Tr2i_i(x) = Tr2i+i(xe2i+i) for x G (M2i_i)+. 
(n) Ti-2i{x) = TT2i+i{e2i+ixe-2i+i) for x £ (M2i)+. 
(in) Ti'^i_iix) = (xe2i+i) for x £ {N' n M2i-i)+. 

Proof. 

(i) Tr2j+i(- e2i+i) is tracial on M2i and hence a multiple of Tr2i-i. The multiple is 1 

because Tr2i_i(ei • • • e2i-i) = 1 = Tr2i+i(ei • • • e2i-ie2i+i). 

(ii) e2i+ixe2i+i = EM2i-i{x)e2i+i so by (i) 

Tr2i+i (e2i+ixe2i+i) = Tr2i_i {Em2,-Ax)) = Tr2i {x) . 

M' - 

(iii) First note that Tj^f'~^ (e2j+i) = 1: take a basis {bj} for M2i over M2i-i. Then 

2i+ 1 

{bje2i+ibk} is a basis for M2i+i over M2.t_i and hence 

^M^'~^ (e2i+i) = ^^ie2i+i6fce2j+i6fce2i+i6* = ^bje2i+ib* = 1. 

Let X e {N' n M2i_i)+. Using Lemma [3X6] 

T4+i (xe2i+i) 1 = T^^^^^ (xe2i+i) 

= n"";;'(T4-iW=2.+.) 

= TT^,_,{x)T^h {e2^+l) 
= 'IV^,_i(x)l. 

□ 
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Proof of Prop W:^^ 

In the finite index case the proof is easily accomphshed using planar algebra ma- 
chinery. Tr2j+i is just closing up a 2i + 2-box on the right, T^i^^i+i is closing up a 2i + 2-box 
on the left. Extremality means that a 2-box closed on the left is equal to the same box 
closed on the right. For a 2i + 2-box just move the strings from right to left two at a time. 
This is the approach that we will take here, although of course we cannot use the planar 
algebra machinery and must proceed algebraically. 

(i) Suppose Tr2i-_i = Tr2j„i. We will show that Tr2i+i = Tr2j^i. Let z G {N' n M2i+i)^, 



then 



= Tr2i_i (Tm2,_i(^)) 1 
= Tr2i_i (TM2i_i(^)) 1 



by Lemma [3.3.61 




where {b} is a basis for M2i-i over N 



b 



b 




now represent everything on L^(Mj) 
because ji (Ms^.i n M2i+i) = MiHN' 



by Lemma [3.3.61 



TrAr'nB(L2(A/i))(^)l 
T4+i(^)l 



(iii) Suppose Tr2i+i = Tr! 



2i+l) 



i > 1. Using Lemma [3321 for z € {N' n N'hi-i) 



Tr2i_i(2:) = Tr2i+i(ze2i+i) = Tr2j+i(ze2i+i) = Tv'2i_i{z). 



(ii) and (iv) Similar to (i) and (iii) with inequalities and constants. 



□ 
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3.3.2 A^-central vectors 

Here we will show that the set of A^-central vectors in L^(Mfc) is A^' n nTrj. (closure in 
L^(Mfc)). The proof is essentially an application of ideas from Popa j26j . 

Definition 3.3.8. ^ G L^{Mk) is an N -central vector if = for all n £ N . The set of 

A^-central vectors in l?{Mk) is denoted N' n \?{Mk). 

Lemma 3.3.9. Let M he a semifinite von Neumann algebras with n.f.s trace Tr. The 
2-norm \\x\\2 = [Tr(x*x)]^/^ is lower semi- continuous with respect to the weak operator 
topology. 

Proof. Suppose {ua} is a net in M converging weakly to y. Take a set of orthogonal 
projections {pk} C riTr with '^^Pk = 1- Then for z G nxr with ||z||2 < 1 one has | < 
yaPk,z> I < llj/aPfclb and hence 

I < ypk,z> I = lim| < yaPk,z> \ < hm inf 1 1 1 1 2 

a 

SO that 

\\yPk\\2 = sup{| < ypk,z> \ : z £ riTrJI^Ib < 1} < lim inf 1 1 y^pfc 1 1 2 . 
Finally, using Fatou's lemma for the second inequality, 

I|y|l2 = VlllyPfclli < Vlliminf ||?/aPfe||i < lim inf 1 1 T/aPfc 1 1 2 = liminf ||y„||2. 

k k k 

□ 

Remark 3.3.10. The fact that ||y||| = X^;. llyPfelli even if y ^ nxr is established as follows. 
Let qN = Ylk=iPk and note that qj^ 1. Hence yqNV* VV* and so Tr{qNy*yq]\f) = 
Tr{yqNy*) Tr{yy*) = ||y||2 (even though qNy*y<lN may not be increasing). Finally, 
y*yqN G HTr and Tr{qNy*yqN) = Tr{y*yqN) = T.k=i'^^hj*yPk) = Ef=i \\yPk\\l- 

The next lemma follows exactly the line of proof in Popa |26| 2.3. 

Proposition 3.3.11. Let N he a von Neumann suhalgehra of a semifinite von Neumann 
algebra M equipped with a n.f.s. trace Tr. Let U{N) denote the unitary group of N . 
Let X G riTr and let Kq = {X]"=i Ajfjxz;* : Aj G [0,oo],EAi = l,Vi G U{N)}. Then 
N' n riTr n Kq / 0, where Kq denotes the weak closure of Kq. 
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Proof. Let K = Kq. Observe that for Vi £ U{N) and G [0,oo] such that Yl'^i — 1) 
we have \\Yll=i'^i'"i^'^i\\ ^ SILi ^dbi^^i'll = ZliLi^ilkll = Ikll- Hence K C i?(0, ||x||) 
(llyll = sup{| < yi^,r/ > | : ^,ry G (^)i}, so \i ya ^ y and ||ya|| < r for all a then ||y|| < r). 

Since K is bounded and weakly closed it is weakly compact. Let 00 = infx ||y||2 
(note that lo < 00 since x G K). Take yn £ K such that ||yn||2 — ^ f^- Since K is weakly 
compact there exists a weakly convergent subsequence. Hence we may assume that {y-n} is 
weakly convergent. Let y = limy„. 

Since || • II2 is lower semi-continuous for the weak operator topology we have oj < 
\\y\\2 < liminf ||?/n||2 = ^ and hence \\y\\2 = w. 

Since K is convex y is the unique element of K such that \\y\\2 = for if ||y||2 = 
||z||2 = UJ then ^(y + z) £ K so 

< ^\\y + zip = ^u"^ + ^Re <y,z>< ]^uP + ^HylbH^lb = 

with equality iff y = z. 

Finally, note that for all v G U{N) we have vyv* G K and ||fyv*||2 = ||y||2 so that 
vyv* = y. Hence y £ N' Ci M, and since ||y||2 = < 00, y G nxr- □ 

Corollary 3.3.12. Let N be a von Neumann subalgebra of a semifinite von Neumann 
algebra M equipped with a n.f.s. trace Tr and suppose that x £ M and \ \uxu* — x\\2 < 6 for 
all u £ hl{N). Then there exists y £ N' Ci M with ||x — y||2 < S. 

Proof Let Vi £ U{N) and let Aj G [0, 1] such that ^ Aj = 1. Then 

W^^XiViXv* -x\\2 = W'^XiiviXv* -x)\\2 < '^XiWviXV* - x\\2 < AjJ = (5 

So ||x — z||2 < 5 for all z £ Kq. By the previous lemma there exists y £ N' D M and {yn} 
in Kq with yn ^ U weakly. Thus x — yn ^ x — y weakly and by the lower semi-continuity 
of II • II2 

11^; — y||2 < liminf ||x — yn||2 < 

□ 

Theorem 3.3.13. Let N be a von Neumann subalgebra of a semifinite von Neumann algebra 
M equipped with a n.f.s. trace Tr. Then 

(i) N'n l2(m) = iV'nnTr. 
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(ii) (A^'nL^(M)) is the (span of) the commutators in L^(M). Hence 

L^{M) = N' n tiTr © hWVj. 

Proof, (i) Clearly N' D nxr C iV' n L'^{M). Let ^ G iV' n L2(M). Take {xm} in nxr with 
— )• ^ in II • II2. Then for all u G U(N) 

\\uXmU* - Xm\\2 = \\uXm - XmU\\2 = \\u{Xm - - i^m - O^lb 

< 11^(3;^ - C)||2 + 11(3:™. - O^^lb = 2||Xm - ^||2 

By Corollarv l3.3.12l there are ym & N' Ci riTr with ||xm — ym|| < 2||xm — Clb and thus 
WVm - elb < 4||x^ - CII2 ^ 0. Thus C G A^'nAA, so A^' n L2(M) = iV' n tXTr. 

(ii) Simply note that < ^,nm-rhn > = < n* - S,n* , m >, so^ G iV'nL2(M) iff ^ ± 1^,-^"]. 

□ 

Corollary 3.3.14. If N C M is a finite index IIi subfactor then the N -central vectors in 
L^(Mfc) are precisely N' n M^. 

Proof tiTr = Mk and N' n is finite dimensional so N' n A4 = iV' n M^. □ 

Corollary 3.3.15. iei x G nxr and let Kq = {X^"=i AjfjXf * : Aj G [0,oo],^Ai = l,fi G 
h({N)}. Then PN'r\L'^{M){x) the strong closure of Kq. 

Proof We will show that the element y £ N' Ci nxr H Kq whose existence is guaranteed by 
Prop [3T3. Ill is -P/v'nL2(A/)(^)- Since Kq is convex its weak and strong closures coincide. 
Note that for all 2; G iV' n nxr, 

n n n 

{XiViXV*,z) = ^ Aj {x,v*zvi) = ^ Aj (a;,z) = . 

i=l i=l i=l 

Take in ETq such that ya ^ y weakly. Then for all zi,Z2 G A^' n nxr 

{y, z\z\) = {yz2, zi) = lim {yaZ2, zi) = lim {ya, zxz\) = {x, zxz\) . 

a a 

Since : Zj G A^' n nxr} is dense in A^' n L^(M), y = PN'nL2(M)ix)- 

The density of {2:12:2 : 2j G A^' n nxr} in A^' n riTr can be seen as follows. By 
Takesaki [32], Chapter V, Lemma 2.13, there exists a maximal central projection p of 
A^' n M such that Tr is semifinite on p{N' D M) and Tr = 00 on [(1 - p){N' n M)] + \{0}. 
Let A = p{N' n M). Then nxr^ = A^' n nxr and 1^{A) = A^'nnxr- By Tomita-Takesaki 
theory applied to {A, Tr) we see that {212:2 : Zi G nTr^} is dense in L^(yl). □ 
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3.3.3 Rotations 
Definition 3.3.16. 



1. Let B he a MTv-basis. If J2beB ^b* (Lb*)* x converges for all x £ N' Ci nxrfe and extends 
to a bounded operator from A^'nL^(Afyfc) to L^(Mfc) we define to be this extension. 



2. Let Pc — PN'r\i?{Mk)- If 



Xl(^S> X2® ■ ■ ■ ® Xfc+l ] ^ Pc\ X2(^i> X^® ■ ■ ■ ® Xfc+1 ® Xl 
N N N J \ N N N N 

extends to a bounded operator on all L^(Af,fc) we define pk to be this extension. 

Theorem 3.3.17. If p^ and p^ both exist then p^ = p^ . 

Ifpk exists then for any orthonormal basis B, p^ exists. If p^ exists for some B 
then pk exists. In this case both operators map A^'nL^(Mfc) onto A^'nL^(Mfc). Restricted 
to N' nL^(Mfc) both are periodic (with period k + 1) and {p^)* = iPk)~^ ■ 

Proof. 1. li Pk exists then, as in the finite index case of Section [231 for x £ N' n nTr^ and 



y = yi ® • • • yfc+i, 

TV N 



{x,b* (g)yi® ■ ■ ■ (g) ykENiVk+ib) ) 
^ \ N N N / 

b 

y ( xENiyk+ib)*, 6* (g) yi (g) • • • (g) j/fc 

^ \ N N N 

b 

( EN{yk+ib)*x, b* (g)yi® ■ ■ ■ (g)yk 

^ \ N N N 

b 

y^(x, EN{yk+ib)b* ®yi®---®yk 

^ \ N N N 



x,yk+i®yi® ■ ■ ■ ®yk) ■ (3.3) 

N N N ' 
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Hence {x) is independent of the basis used. Note that for n G ^ (A^) 



b£B 



b)*) ^ = Rb'-u* {Lb*u*)* 
beB 

= y2Rb'-u*u{Lh*)*': 

beB 

= uRb*u* {Lb*)* '- 

beB 

= Y,^iRb' {Lb^y 

beB 

= u{pk(x)) ■ u*. 

So if exists then p^^ exists and up^{x)u* = p^^{x) = p^{x). Thus pf (5?) S 
N' n L2(Mfc). From (pf )^^^ = id. 



Xj ■ u 



In addition {y2®N 



Vk+i <^N yi) 



Pk) ) V: SO that pk exists. On 



N' n L2(Mfc), Pk = ( (pf ) M . Hence {ptf^^ = id and (pf )* = p^K 



2. If pfc exists then let = (PcJkPkJkPc)* ■ Take an orthonormal basis {6} = {bi}. Then, 
reversing the argument in (j3.3p . for ^ G A^' n L^(Mfc), 



(3.4) 



Let ?7 = (7k{C)- Note that r/j =^ iif,* (L;,* ) * ^ are pairwise orthogonal. For y = yi 
' ' ' yk^N^l the sum in (j3.4p only has one term, so the equality extends by continuity 
to all Rb*C (C £ L^(Affe-i)) and in particular to rji. Thus {rjjrji) = {r]i,r]i) and so 



K 



K 



4 = 1 \ 1=1 

which yields 



< 



K 



Eiteii^) 

\i=l / 



1/2 



El 

\i=i 



1/2 



< 



Hence X]i=i 1 1 IP is bounded, so X]j=i Vi converges and by (|3.4|) converges to rj. Hence 



p^ exists. 



□ 



Remark 3.3.18. In Corollary 13.3.231 we will see that if p^ exists for some basis B then it 
exists for all bases and we will then drop the reference to B and use the notation pk- 
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3.3.4 Rotations and extremality 

We prove that approximate extremality is necessary and sufficient for the rotations to exist. 
Proposition 3.3.19. 

(i) If N C M is approximately extremal then exists for all bases B and for all k > 0. 
In this case we will use the notation p^. 

(a) If N C M is extremal then in addition to (i) p^ is a unitary operator on A^'nL^(Mfc). 
Hence pk = Pk- 

Lemma 3.3.20. 

(i) Li (Li)* = ei. 
(a) JieiJi = e2i+i. 

(Hi) For x E (M' n M^)^, eixei = r*^'(x)ei. 
Proof, (i) With the usual notations established in the proof of Prop I3.2.12| 

ei \ ai® ■■■ ® Oj+i ) = ei \ Ai® ■ ■ ■ ® Ai] 

\ N N J \ M M J 

= ({eiAi) 8) ••• ) 




(3.5) 



(ii) From ([33]), Jjei Jj (ai (gjAT • • • (8)Ar ttj+i) = {ai (g)N ■ ■ ■ EN{ai+i)) . Let i 

L^(M2i_i) —7- L^(M2i) be the inclusion map. From the definition of vr^*^^, 



Trf "^^ (e2j+i) ( ai • • • Oj+i 

TV Af 



{ bi(g) ■ ■ ■ (g)bi 

N \ N N 



e2i+i \ai®---® Oj+i ®hi®---®b^ 

N N N N N 



' ^ TV AT AT Af N 



i I ai (g) • • • (g) aiE]\f(ai+i) (g 6i • • • (g 6^ 

N N N N N 



ai (8) • • • (8) ai£'7v(ai+i) (8 1 (8 6i (g) • • • (8 6i 

Af TV TV AT TV Af 



6i (g) • • • (g) ftj 

N \ N TV 



ei ai (g • • • (g ttj+i 

AT TV 



(iii) For x E (M'nMfc) , , 



eixei = Jie2i+iJixJie2i+iJi = JiEM2i^i {JixJi) e2i+i Jj = T^/j (x)ei. 



Proo/ o/ Prop l^.^.iM 
(i) First consider A; = 2/ + 1. Then, for x ^ N' r\ tXTrj., 



□ 



j=r j=r 

= Ei2{ii^^ty^)-EN{b:b,),{L,: 

i=r j—r 

because [-ETvlfti^jOlij-r,...,* G Ms-r+i{N) is dominated by 1 = (^jj (basicahy because 
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the infinite matrix [Ei\i{b*bj)] is a projection). Hence 

i=r i=r 

= ^ii(6*Lirx||2 

i=r 
s 

= '^{Li {LiY bix,bix) 

i=r 
s 

= ^ {eibix,bix) 

i=r 
s 

= ^ Trfc {eibixx*b*ei) . 



Y!>t=ibixx*b* T^p{xx*) and hence X]i=i ei6jxx*6*ei E^j'^ yT^j',{xx*)j ei, by 
Lemma I3.3.20I Thus, 



by Lemma 13.3.201 



[XX 



i=l 



Trfc {eibixx%*ei) / Tr,. [e{Tfl,{^ 

<CTr;(eiri^:(xx*) 
= CTr2m Ui {e{rf'{xx*) 



= CTr2i+i [ji (T^j'^{xx*)j €21+1 
= CTr2,_i [ji (ri^;(xx*))) 

= C'TrMjnB(L2(A/,)) (^Mj(a;a;*) 
= C'Tr^r,nB(L2(A.f,))(2;a;*) 
= CTr'fc(xx*) 
< C2Trfc(xx*) 

= (^^11x112. 



by Lemma 13.3.201 
by Lemma 13.3.71 
by Corollary 13.2.251 



(3.6) 



Hence X]i=r '^fc (ei6jxx*6*ei) — )■ and so {Yli=i Rb* {^i,*)* x} is Cauchy and hence 
converges. In addition || Xli^i ^b* {Lb*)* x\\ < C||ir||, so that exists and || < C. 



For k = 21 we begin as above. For x & N' D riTrfe , 

2 



X 



< ^Trfc {eibixx*b*ei) . 
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By (j3.6p and Lemma 13.3.71 

s s 

^Trfe {eibixx*b*ei) = ^ Tr^ {eibixe2i+ix*b*ei) 

i=l i=l 

< C^Tr2i+i {e2i+ixx* 621+1) 
= C^TT2iixx*), 

and the remainder of the argument proceeds exactly as in the k = 21 + 1 case. 

(ii) If C Af is extremal then C = 1 so that ||pa;|| < 1. As pk is periodic this implies that 
Pfc is a unitary operator. 

□ 

In order to establish the converse result we connect to J ■ J. 
Proposition 3.3.21. 

(i) If either P2k-i exists or exists then a : L^(M2fe_i) N' n L^(M2fc_i) defined by 



yi'S>---<^y2k^ Pel Vk+i ® yk+2 ® ■ ■ ■ ®y2k®yi®y2® ■ ■ ■ ®yk) ■, 

N N \ N N N N N N N J 

exists (extends to a bounded operator, also denoted a), 
(ii) In that case let p = (^'^\N'r\L'2{M2k-.i)J ■ ^^^^^ ^ 1^ i^Tr2fc_i) = H nTr2fc_i cind 

p{x) = Jk-lX*Jk-l for X£ N' r\ XiTr^k-i 

Proof. 

(i) If P2k-i exists then by (j3.3|) in the proof of Theorem 13.3.171 a = {p2k~i ° Pc)* ■ If P2k 



Ill 



exists then, for x G iV' n nTr2fc_i and y = y^f' (8>Ar • • • ®n 2/2*2 



■^'^ • • • <8) «) <8) • • • "■^^^ 

Af N N N N 

\ » ' L2{A/2fc) 

a;, V yili ® • • • <8) y2 ® 1 ® • • • ® yi' M 

^ AT AT AT AT AT N 

\ » / L2(M2fe) 



Letting z = ^'c (yt^i.! ®---®ytl® yf ) , 

||z||2 = sup{| < x,z > I : X G A^' n L^(M2fc_i), ||x||2 = 1} 

< \{Lir P^WUh 

<\\p2k\t\\y\\2- 

Hence a exists. 

(ii) We proceed in four steps: 

(1) For y G nxrafc-i and for G L^(Mfc_i) satisfying either ^ G D{L?{Mk-i)N) or 
T] G D(L2(Mfc_i)Ar), we have 

(y,e® -/fc-i??) = 

This is easily estabhshed by first taking both ^,77 G D{\?'{Mk~i)N)-, and the 
general result then follows by continuity. Using Lemma l3.2.H 

\ N /L2(M2fe_i) 

= Tr2fc-i (yL(??)L(0*) 
= TV2fc_i {L{yri)L{0*) 

= {yri,0 ■ 
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(2) For y G iV' n nTr2k_i satisfying Jk~iy*Jk~i G i^Tr2k_i we have 



= Jk-iy*Jk-i- 



To prove this first note that for £ N' (1 L'^{M2k-i) and ry,C G D{L'^{Mk-i)N) 
or ry,CGi^UL2(Mfc_i)), 



The result is true for rj = a, = b, where a,b G M^-i and the general result 

follows by density. 

Now, using the resuh from (1), 



Hence Jk-iy*Jk-i = fJ-iv)- 
(3) Let p be the maximal central projection in N' D M2k-i such that Tr2/t_i is 
semifinite on p{N' n M2k^i)- Let A = p{N' n JVhk^i)- We will show that if 
X £ A^'nnTr2fe_i then ^ = n{x) is a bounded vector in A (i.e. in D(L'^{A)a)) and 
hence an element of A. 

Let a G A^'nriTrafe.i V ~ Jk-i^* Jk-iX- Note that y satisfies the conditions 

of (2) . Now, with all supremums taken over YlVi^NCi such that | E ??i CsDat 1 1 = 





{Jk~ir],y*Ok-i 

{yJk-iv,Ok~i 
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1, we have: 



||^a|| = sup 



sup 
sup 
sup 
sup 
sup 
sup 
sup 
sup 



^ N 
^ \ N 

'^2fc-i (^{aJk-iCi) ® Jk^iVi 

( Jk-iaJk-iCi 

^ (x, Jk-iaJk-iCi ^ Vi 

Y] ( Jk~ia*Jk-ix, Ci (g) r], 
^ \ N 



My)\\LHM2,-i 



= \\Jk-~iy* Jk~l\\2 
= ||a*Jfc_ixJfc_i||2 
< ||a||2||3;||. 

Hence ^ is a bounded vector and thus an element of A. 
(4) Finally, let z £ N' Ci nTra^-i such that fi{x) = z. Then z = Jk-ix* Jk-i because 

{Jk-ix*Jk^iri,C) = (xJfc-iC, ^fc-i??) 



X, Jk-iV C 

N 



/u(x),C <8) Jk-iV 

N 



z,C(S> Jk-iV 

N 



--< zr],C> . 



□ 



Proposition 3.3.22. (i) If pf exists then N C M is approximately extremal. 
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(ii) If pf exists and is a unitary operator then N C M is extremal. 

Proof, (i) Let j be the largest odd number with j < i. By Prop 13.3.211 there exists 
H : N' n L2(M,-) ^ N' n L2(Mj) with ||/i|| < llpill'' (where j = 2k - 1) and fi{x) = 
Jk-ix*Jk^i for X £ N' n riTr,. 

We first show that Tr^- < ||/u|pTrj. Take x £ N' n Mj. If TTj{x*x) = oo then we are 
done. Otherwise x G riTrj and 

Tv'j{x^x) = Ttj (Jfe.ix* Jfc_i Jfe_ixJfc_i) 
= Trj(/x(x)/i(x)*) 

^ II Il2|| ||2 

= ||//|pTrj(x*x). 

Finahy, Tr, = Tr^- (J^^i • Jfc„i) < ||Ai|pTr, (J^^i • Jfe„i) = M\^Ti'^. 
(ii) If Pi is unitary then ||;u|| < 1 so that Tr^ < Tr^- < Trj and hence Tr^ = Tr^-. 

□ 

Corollary 3.3.23. // there exists a basis B such that p^ exists then for any basis B, p^ 
exists and is independent of the basis used. Hence we will use pk to denote p^ . 

Proof. Suppose p^ exists. By Prop 13.3.221 the subfactor is approximately extremal. By 
Prop [3^3.191 p^ exists for any basis B. By Theorem 13.3.171 pi- is independent of the basis 
used. □ 

The results of Sections 13.3.11 through [3^374] can be summarized as follows. 

Theorem 3.3.24. 

(i) The following are equivalent: 

• N C M is approximately extremal; 

• Tr2j+i ~ Tr2j+i for all i > 0; 

• Tr'gj+i ~ Tr2i+i for some i > 0; 

• Pk exists for all k > 0; 

• /9fc exists for some k > 1; 
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• pk exists for all k > 0; 

• pk exists for some k > 1. 

(ii) The following are equivalent: 

• N C M is extremal; 

• TiC2i^i = Tr2i+i for all i > 0; 

• "^^21+1 = Tr2i+i for some i > 0; 

• pk (or pii) exists for all k > and is unitary 

• Pk (or Jik) exists for all k > and p = p; 

• Pk (or Pk) exists for some k > 1 and is unitary 

• Pk (or Pk) exists for some k > 1 and p = p; 
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3.4 A III Subfactor With Type III Component in a Relative 
Commutant 

Here we construct an infinite index type IIi subfactor N C M such that N' OMi has a type 
III central summand. 

3.4.1 Outline 

Let Foo denote the free group on infinitely many generators. We take a suitably chosen type 
III factor representation w : Fqo — U{T-Lo) on a separable Hilbert space "Hq- By tensoring 
this representation with the trivial representation on P(N) we may assume that if w-y is a 
Hilbert-Schmidt perturbation of the identity then w-y must be the identity. 

The corresponding Bogoliubov automorphisms of the canonical anti-commutation 
relation algebra A = CAR(T-Lq) provide an action of F^o on A. This action passes to an 
action a on the hyperfinite IIi factor R = 7r{A)" obtained via the GNS representation vr on 
n = L'^{A,tr). 

We conclude from Blattner's Theorem, characterizing inner Bogoliubov automor- 
phisms, that for each 7 G Fqo either is outer or = id. 

Now we construct M = R x^Foo and N = C XqFoo — vN(¥oq), the von Neumann 
algebra of the left regular representation of Fqo ■ We show that M is a IIi factor and that 
the basic construction for C M yields Mi = B{n) Xq Foo = 13{n) ® vN{¥oo), a IIoo 
factor. 

We show that by virtue of our choice of representation w we have N' n Mi = 
B{H)^°° and finally we show that B{H)^°°, while not a factor, has a type III central sum- 
mand. 

3.4.2 Preliminary results 

We will use the following basic facts about von Neumann algebras: 

Lemma 3.4.1. Let S be a von Neumann algebra with separable predual. Then there exists 
a countable set A C U{S) such that A" = S. 

Proof. Since 5* has separable predual there exists a countable dense subset {(pn} C (5*)i. 
Now the weak-* topology on {S)i (recall S is the dual of S^) is metrizable by d{x,y) = 
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'^neN "^'^l^nix — y)\, x,y £ (S)i. The cr-weak topology on (5)i coincides with the weak- 
* topology we have shown that {S)i, so that {S)i with the cr-weak topology is not only 
compact, but also metrizable, and hence separable. 

Take {xi} a- weakly dense in Write each linear combination of four 

unitary operators and let A be the set of all these unitary operators. Then A" = S. □ 

Lemma 3.4.2. Let Q be a von Neumann algebra, p £ Q such that pQ' is a factor. Let z{p) 
denote the central support of p. Then z{p)Q' is also a factor. 

Proof. Let q = z{p). If qQ' is not a factor then there exist projections (71,(72 G Z{qQ') = 
qQ' n qQ = qZ{Q) such that gi / and (71 + (/2 = q- Let pi = pqi G pQ' and note that 
Pi = PQiP G pQp so Pi G pQ' n pQp = pQ' n {pQ'Y = Cp. Hence pi = or pi = p. WLOG 
pi = p and p2 = 0, but then p < qi so q is not the central support of p. Hence qQ' is a 
factor. □ 

CAR algebra and Bogoliubov automorphisms 

Let 7i he a complex Hilbert space and let J'i'H) = ©n>o T~L be the anti-symmetric Fock 
space oiT-L. The canonical anticommutation relation algebra A = CAR{T-L) is the C*-algebra 
generated by the creation and annihilation operators a(^),a*(C) ^ ^ has a unique 
tracial state tr, namely the quasi-free state of covariance ^. We have a representation vr of 
A on L^(j4,tr) by left multiplication. It is well known that 7r(A)" = R the hyperfinite IIi 
factor. 

Each unitary operator u G lAiT-L) gives rise to an automorphism of the CAR algebra 
via a(^) —7- a{u^). We call this the Bogoliubov automorphism induced by u and denote it 
Bog{u) : A^ A. 

By uniqueness of the tracial state on A, any automorphism a of A defines a unitary 
operator W on L^(^,tr) by Wx = a{x) for x £ A. This unitary operator implements the 
automorphism a in the representation vr: 

WTT{x)W*y = [a{xa~^{y))) = {a{x)y) = 7r(a(x))y. The automorphism a can thus 
be extended to an automorphism 5 of i? = it{A)" by 5(x) = WxW*. For a Bogoliubov 
automorphism Bog[u) we will also refer to {Bog[u)) as the Bogoliubov automorphism 
induced by u and denote it by a^. 

A theorem of Blattner [5] characterizes the inner Bogoliubov automorphisms. The 
theorem is usually stated in terms of real Hilbert spaces, so we will briefly review the 
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construction of the CAR algebra via a real Hilbert space and the Clifford algebra over it. 
For full details see for example de la Harpe and Plymen [7|. 

Let E he a real Hilbert space, Cl{E) the Clifford algebra of the quadratic form 
q[^) =< >= ||^||2 and Cl{E)^ = Cl{E) ®k C its complexification. Cl{E)^ has a unique 
tracial "state" tr. The C*-algebra generated by the left representation of Cl{E)^ on its 
Hilbert space completion is called the CAR algebra over E. As before, the von Neumann 
algebra generated by Cl{E)'^ is the hyperfinite Hi factor R and we have the following 
theorem: 

Theorem 3.4.3 (Blattner 0). Let v S 0{E), the orthogonal group of E. Then a„ is inner 
iff either (i) the eigenspace corresponding to eigenvalue —1 is even dimensional (or infinite) 
and V is a Hilbert- Schmidt perturbation of the identity; or (ii) the eigenspace corresponding 
to eigenvalue 1 is (finite) odd dimensional and —v is a Hilbert- Schmidt perturbation of the 
identity. 



over E = Hu using the Clifford algebra approach - see [19] for details. When considered 
as an operator on Hr, a unitary operator u G U{T-L) is clearly orthogonal. The eigenspaces 
of u are always even dimensional (if = then u{iS^) = X{i£,)) and if n = 1 + x for some 
X E 8(71^) then x must be C-linear since both u and 1 are C-linear. If x is a Hilbert- 
Schmidt operator on Hk then x is also a Hilbert-Schmidt operator on H (if {Cn} is an 
orthonormal basis for H then {Cn} U {i^} is an orthonormal basis for Hm. and 1^-/^5 ~ 
Sdl^^nlP + ll^(^Cn)lP) = Thus, in the case of Bogoliubov automorphisms on 

the CAR algebra of a complex Hilbert space H constructed via creation and annihilation 
operators on anti-symmetric Fock space, Blattner's Theorem may be stated as: 

Theorem 3.4.4. Let H be a complex Hilbert space and u G IA(T-L). Then is inner iff u 
is a Hilbert-Schmidt perturbation of the identity. 

3.4.3 The construction 

Let Foo =< On >'^=i denote the free group on countably many generators, with {oji}J^]^ a 
particular choice of generators. Fix a bijection (f) : {an}'^=i — )■ N x Fqo- Let p : N x Fqo — ?• ^oo 
be projection onto the second component, p{n,'y) = 7, and let ip = po (j). Since Foo is free, 
(p extends to a homomorphism Tp : Fqo — )• Fqo- 




Given a complex Hilbert space % we may construct CAR['H) as the CAR algebra 
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Let S be a type III factor acting on a separable Hilbert space Hq. By Lemma [3.4.1l 
there exists a countable subset {vn}'^^i oiU{S) which is dense in the sense that it generates 
5 as a von Neumann algebra. 

Define a homomorphism ■0 : I^oo — ^ l^iTio) by letting tp{an) = Vn- Then define a 
representation w of Fqo on TIq hy w = ip o (p. Note that w{¥oo)" = {vn}" = S. 

Let A = CAR(T-Lq), R = it{A)" where vr is the GNS representation of A on 
Ti = L^(A, tr) = L^(ii, tr). As we saw in section [3.4.21 each w-y induces a unitary operator 
on Ti and a Bogoliubov automorphism of R which we will denote a^(= = Ad(PV^)). 
Thus we have a representation W : Fqo — >• "H and an action = Ad(l^-y) on B{T-L) which 
restricts to an action on R. 

Replacing TIq and w with TIq /^(N) and w ®1 respectively, we may assume that 
for each 7 G Fqo either is the identity or is not a Hilbert-Schmidt perturbation of 
the identity. By Blattner's Theorem, (j3.4.4p . o^Ir is either outer or trivial. 

Define: 

N = C>^a¥oo=vN{¥^) 
M = iJXaFoo 

We will show that N C M has all the desired properties stated in the introduction. 
Lemma 3.4.5. M is a IIi factor. 

Proof. Let x = x^u^ £ Z{M). Then for all y G ii we have 

^ yXyUy = yx = xy = ^ Xyaj{y)uy 

7 7 

which yields (y) for all y € i? and all 7 € Fqq. Now, recall that either is outer, 

in which = since an outer action on a factor is automatically free, or a-y = id in 

which case x^ G Z{R) = C. Thus every x^ is a scalar and so x € A^. But since x G Z{M) 
we have x £ N r\ M' N D N' = C Thus M is a factor. M is infinite dimensional and has 
trace tr (^2^ ^-t^'y^ — ^^R i^e), so M is a IIi factor. □ 

Lemma 3.4.6. N C M C Mi is a basic construction. 
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Proof. In essence this is true because C C R C B{'H) = ;S(L^(i?, tr)) is a basic construction 
{jR{Ciy Jr = B{L'^{R))). Let ei be the Jones projection for C C ii and note that this is 
just the extension of tvR to L^(i?). 

Note that L^{M) ^ L'^iR) /^(Foo) via U : ^ X;^7 ® ^7 and 

UL'^iN) = C (g) P{¥oo), so ei = ei <g) 1. 

Let vr = [/ • [/* be the representation of M on L^{R) /^(Foo) = H (g) /^(Foo). 
7r(x) = x (g) id for X G i? and vr (u-y) = w-y g) where A is the left regular representation. 
Ml is given by 

Ml = (^(M) U {ei})" = ((7r(i2) U {ei})" U {^K)})" 

and 

{-k{R) U {ei})" = ((-R C) U {ei id})" 
= {RU{ei})" 
= B{L^{R))0C. 

Finally, for x G B{L'^{R)) = B{7i), 7r(n^)(x (g l)7r(n^)* = w^xw* (g) 1 = a-y(x) (g) 1. Thus 
Ml = BiTi) xIq Foo and every element of Mi can be written as J^-y (^7 ® 1) vr(ti^). □ 

Lemma 3.4.7. N' n Mi = B{nf°° = W^(Foo)'. 

Proof. Suppose x = J2 x^u^ £ N' Ci Mi, G B{7i). Then for all /? G Fqo we have 

^ ^ X'y'U'y — X — UpXUp — Oip(^Xy^Upryp—l — Oi p(^X p—lyp^Uy 

which yields ap{xp-iyp) = x^ for all 7, p G Foo- We can rewrite this as 

Xp-l^p = Op-l (Xy) V7, yO G Foo (3.7) 

In other words, the matrix entries of x are constant on conjugacy classes modulo a twist by 
the action of Fqo- 

Now suppose that there exists 70 7^ e (e the identity element of Foo) such that 
Xyg / 0, say 7o = . . . a^^^ reduced form. Recall that (j) : {fflnj^i — )• N x Fqo is a 
bijection. Choose infinitely many distinct positive integers {njjjgN such that nj ^ {mi, 7712} 
and ip{ani) ~ ^(7o)- Then the elements 7^ = ani"foa~^ are all distinct and 

W-y, = V'(^(an,70«n/)) = ^(^(7o)^(7o)^(7o)~^) = ^(^(70)) = 
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Hence = a^^ . 

Now take ^ G "H such that Oi~'^{x^^)i / 0. Consider i®Xe^^® I'^i'^oo)- Noting 
that 7j~"'^7o7j are all distinct, we have: 

^ Eiivso-s.(vso7,)^ii' 

i 

= X]ll%~'("7r'(^'^o))^"^ (fromEZD 
= oo 

We conclude that x = Xe ^ B{T-L). Now [2;,Up] = iff ap{x) = x, so A^' n Mi = 
B{Uf^ = Vr(Foo)'. □ 

Lemma 3.4.8. N' n Afi = W{¥^)' has a central summand which is a type III factor. 

Proof. Let Q = W^(Foo)'. There is a canonical embedding l : Tio ^ Ti = L"^ {CAR{'Hq)) 
given by = \/2a(0 (o^^ has (1/20(^)1 V2o(?/)) = 2tr(a*(^)a(r7)) = (^,r/) because tr 
is the quasi-free state of covariance ^). The action of Fqo commutes with l so that i{'HQ) 
is invariant under T^(Foo)- If p denotes the orthogonal projection onto l{T-Lq) then p G 
W{¥^y = Q. 

Let q = z{p), the central support of p in Q. Then, using Lemma [3.4.21 qQ' is also 
a factor and p G {qQ')' = qQ, so gQ' ^ pgQ' = pQ' = pW{¥oo)" = w./' = S the type III 
factor we started with. Hence the central summand qQ = {qQ')' is also a type HI factor. □ 

In summary: 

Theorem 3.4.9. There exist infinite indexUi subfactors N C M such that upon performing 
the basic construction N C M C Mi , the relative commutant N' D Mi has a type III central 
summand. 



122 



Bibliography 

[1] Dietmar Bisch. Bimodules, higher relative commutants and the fusion algebra as- 
sociated to a subfactor. In Operator algebras and their applications (Waterloo, ON, 
1994/1995), pages 13-63. Amer. Math. Soc, Providence, RI, 1997. 

[2] Dietmar Bisch and Vaughan Jones. Algebras associated to intermediate subfactors. 
Invent. Math., 128(1):89-157, 1997. 

[3] Dietmar Bisch and Vaughan Jones. A note on free composition of subfactors. In 
Geometry and physics (Aarhus, 1995), pages 339-361. Dekker, New York, 1997. 

[4] Dietmar Bisch and Vaughan Jones. Singly generated planar algebras of small dimen- 
sion. Duke Math. J., 101(l):41-75, 2000. 

[5] Robert J. Blattner. Automorphic group representations. Pacific J. Math., 8:665-677, 
1958. 

[6] Alain Connes. On the spatial theory of von Neumann algebras. J. Funct. Anal., 
35(2):153-164, 1980. 

[7] Pierre de la Harpe and R. J. Plymen. Automorphic group representations: a new proof 
of Blattner's theorem. J. London Math. Soc. (2), 19(3):509-522, 1979. 

[8] Michel Enock and Ryszard Nest. Irreducible inclusions of factors, multiplicative uni- 
taries, and Kac algebras. J. Funct. Anal., 137(2) :466-543, 1996. 

[9] Uffe Haagerup. Operator- valued weights in von Neumann algebras. I. J. Funct. Anal., 
32(2):175-206, 1979. 

[10] Richard Herman and Adrian Ocneanu. Index theory and Galois theory for infinite 
index inclusions of factors. C. R. Acad. Sci. Paris Ser. I Math., 309(17):923-927, 1989. 



123 



[11] Hsiang-Ping Huang. Commutators Associated to a Subfactor and its Relative Commu- 
tants. PhD thesis, University of Cahfornia at Berkeley, 2000. 

[12] Masaki Izumi. On type II and type III principal graphs of subfactors. Math. Scand., 
73(2):307-319, 1993. 

[13] Masaki Izumi, Roberto Longo, and Sorin Popa. A Galois correspondence for com- 
pact groups of automorphisms of von Neumann algebras with a generalization to Kac 
algebras. J. Funct. Anal, 155(l):25-63, 1998. 

[14] V. Jones and V. S. Sunder. Introduction to subfactors. Cambridge University Press, 
Cambridge, 1997. 

[15] Vaughan Jones. Index for subfactors. Invent. Math., 72(1): 1-25, 1983. 

[16] Vaughan Jones. Planar algebras I. xxx math.QA/9909027, to be published in the New 
Zealand Journal of Mathematics, 1999. 

[17] Vaughan Jones. The planar algebra of a bipartite graph. In Knots in Hellas '98 
(Delphi), volume 24 of Ser. Knots Everything, pages 94-117. World Sci. Publishing, 
River Edge, NJ, 2000. 

[18] Vaughan Jones. The annular structure of subfactors. In Essays on geometry and related 
topics, Vol. 1, 2, volume 38 of Monogr. Enseign. Math., pages 401-463. Enseignement 
Math., Geneva, 2001. 

[19] Vaughan Jones and Pierre de la Harpe. An introduction to C*-algebras. Lecture notes, 
Universite de Geneve, Section de Mathematiques, Case postale 240, CH - 1211 Geneve 
24 Switzerland, July 1995. 

[20] Richard V. Kadison and John R. Ringrose. Fundamentals of the theory of operator 
algebras. Vol. I. American Mathematical Society, Providence, RI, 1997. Elementary 
theory. Reprint of the 1983 original. 

[21] Hideki Kosaki. Extension of Jones' theory on index to arbitrary factors. J. Funct. 
Anal, 66(1):123-140, 1986. 

[22] Hideki Kosaki. Type III factors and index theory. Seoul National University Research 
Institute of Mathematics Global Analysis Research Center, Seoul, 1998. 



124 



[23] J. May. Definitions: operads, algebras and modules. Contemporary Mathematics, 
202:1-7, 1997. 

[24] Mihai Pimsner and Sorin Popa. Entropy and index for subfactors. Ann. Sci. Ecole 
Norm. Sup. (4), 19(1):57-106, 1986. 

[25] Mihai Pimsner and Sorin Popa. Iterating the basic construction. Trans. Amer. Math. 
Soc, 310(1):127-133, 1988. 

[26] Sorin Popa. On a problem of R. V. Kadison on maximal abelian *-subalgebras in 
factors. Invent. Math., 65(2):269-281, 1981/82. 

[27] Sorin Popa. Classification of amenable subfactors of type II. Acta Math., 172(2):163- 
255, 1994. 

[28] Sorin Popa. An axiomatization of the lattice of higher relative commutants of a sub- 
factor. Invent. Math., 120(3) :427-445, 1995. 

[29] Sorin Popa. Universal construction of subfactors. J. Reine Angew. Math., 543:39-81, 
2002. 

[30] Jean-Luc Sauvageot. Sur le produit tensoriel relatif d'espaces de Hilbert. J. Operator 
Theory, 9(2):237-252, 1983. 

[31] M. Takesaki. Theory of operator algebras. II, volume 125 of Encyclopaedia of Mathemat- 
ical Sciences. Springer- Verlag, Berlin, 2003. Operator Algebras and Non-commutative 
Geometry, 6. 

[32] Masamichi Takesaki. Theory of operator algebras. I. Springer- Verlag, New York, 1979. 



